






Chapter 7. Detection of charged proteins with a silicon-on-insulator sensor

Figure 7.7.: Calculated change of the surface potential as a function of the KCl con-
centration where we have assumed a charge distribution that resembles the
green fluorescent protein. Included are experimental data of Ref. [LNH+06].
The lines are a guide to the eye.

7.6.2. Influence of the ionic strength on the sensitivity

In this subsection we use the same sensor structure as in Fig. 7.1 but detect another
protein. We consider the specific binding of the green fluorescent protein (GFP) to the
lipid membrane and calculate the change of the surface potential as a function of the salt
concentration (10, 50, 90 or 140mM KCl) in the electrolyte. At pH = 7.5, GFP carries a
net negative charge of −8e as can be derived from the primary structure if one calculates
the charge of the side chains for the used buffer solution. Consequently, the integrated
charge density of GFP is given by σGFP = −8esNTA. We assume for simplicity that this
charge is distributed evenly over a distance of wGFP = 3nm which is close to the length
of the GFP (4-5 nm). Based on the previous section, the length of the neutral part of
the tag has been taken to be d = 2.3 nm. Here, this length has been assumed to be the
same for all KCl concentrations.

We have calculated the change of the surface potential as a function of the KCl con-
centration in the electrolyte. The electrolyte has the same properties as for the aspartic
acids (1mM PBS, 1mM NiCl2). Figure 7.7 shows the results and compares them to the
experimental data of Ref. [LNH+06]. The trend of the influence of the ionic strength on
the sensitivity is well reproduced by our calculations. We note that the exact orienta-
tion of the GFP molecule at the surface is not known. A slight tilt angle can increase
the measured sensor response due to the exponential dependence of the signal from the
distance of the charges. The reduction of the spacing d or the width wGFP of the charge
distribution leads to larger surface potential changes. At higher ion concentrations, the
Debye screening length of the electrolyte decreases, and thus the charges of the protein
are more efficiently screened by the ions in the electrolyte. This leads to a reduced sen-
sitivity which is approximately linear to the inverse of the Debye screening length. The
Debye screening lengths of the different salt concentrations are listed in Table 7.1.
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Table 7.2.: Material parameters

Description Symbol Value Units

longitudinal electron effective mass (Si) ml 0.916 m0

transverse electron effective mass (Si) mt 0.190 m0

static dielectric constant (Si) εr 11.7
static dielectric constant (SiO2) εr 3.8
static dielectric constant (ODTMS) εr 1.5
static dielectric constant (electrolyte) εr 80

7.7. Conclusions

In this section we presented calculations on the sensitivity of a silicon-on-insulator struc-
ture with respect to specific charge distributions in the electrolyte solution that may arise
from protein binding to the semiconductor surface. Screening effects in the electrolyte
have been taken into account using the Poisson–Boltzmann equation. The potential
change at the bio-functionalized semiconductor surface has been calculated for various
protein charge distributions. Comparison with experiment is generally very good. We
have demonstrated the superiority of the Poisson–Boltzmann equation by comparing its
results to the simplified Debye–Hückel approximation. In agreement with experiment,
we have found that the sensitivity of the structure is enhanced at low ion concentra-
tions. We demonstrated that our numerical approach – the self-consistent solution of
the Schrödinger and Poisson–Boltzmann equation – is well suited to model semiconduc-
tor based biosensors in a systematic manner, which is a requirement in order to both
understand and optimize their sensitivity. Relevant material parameters that were used
in the calculations of this section are listed in Table 7.2.
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8. Extension to the Poisson–Boltzmann
equation

In this chapter we first discuss an analytical solution to the Poisson–Boltzmann equa-
tion – the Gouy–Chapman solution. Then we briefly show how the Poisson–Boltzmann
equation can be linearized. This is known as the Debye–Hückel approximation. We then
summarize the equations that we used in the previous chapter to include buffer solutions
in our algorithm. These three sections are closely related to the previous chapter on sili-
con based protein sensors. Finally we discuss how the Poisson–Boltzmann equation can
be extended to include potentials of mean force (PMF) for the ions. Essentially, these
PMFs modify the concentrations of different ions in the vicinity of a surface. These po-
tentials are different for each ion type, and they depend on the properties of the surface,
e.g. if it is hydrophobic or hydrophilic. The latter also influences the water density close
to the surface which will be taken care of within this model. We call this model the
extended Poisson–Boltzmann equation and it leads at the surface to a significantly dif-
ferent ion distribution in the electrolyte compared to the standard Poisson–Boltzmann
model. This will be demonstrated in both cases for a simple monovalent salt. For the
Gouy–Chapman solution the results of a NaCl or NaI salt will be identical as only the
charge and the valency of the ions are input to the equation. In the extended Poisson–
Boltzmann model the results for NaCl and NaI will differ as the PMFs are different for
Cl– and I–. The extended Poisson–Boltzmann model will be the topic of the following
two chapters on graphene and diamond based solution gated field-effect transistors.

8.1. The Gouy–Chapman solution

In general, there are only very rare cases where the Poisson–Boltzmann (PB) equation
can be solved analytically. The Gouy–Chapman solution is one example of such a so-
lution. It is valid for a planar solid–electrolyte interface and for a symmetric salt like
NaCl which consists of singly charged cations (Na+) and singly charged anions (Cl–) in
a solution. The Gouy–Chapman solution relates the surface charge σs at the interface
to a position dependent electrostatic potential φ(x) in the electrolyte which determines
the ion distribution. The surface potential φs is related to the surface charge density via
the Grahame equation which is also valid for nonsymmetric salts like divalent CaCl2.
For a monovalent salt it is particularly simple and reads

σs =
√
8ε0εrkBT sinh

(
eφs
2kBT

)√
csalt, (8.1)
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Figure 8.1.: Calculated electrostatic potential distribution (Gouy–Chapman solution) for
different salt concentrations of NaCl at a fixed surface charge at the solid–
electrolyte interface of σs = −0.2 C/m2. The squares indicate the Debye
screening lengths.

where csalt is the salt concentration. In the following, we show our numerical solution
of the PB equation for a monovalent salt which is equivalent to the Gouy–Chapman
solution. The NaCl concentration is varied from 0.1mM to 1M1 at a temperature of
T = 25 ◦C. The static dielectric constant of water is assumed to be εr = 78. Figure 8.1
shows the electrostatic potential for different salt concentrations at a fixed surface charge
at the solid–electrolyte interface of σs = −0.2 C/m2 = −124.8·1012 |e|/cm2 as a function
of distance from the interface. The squares indicate for each salt concentration the
calculated values of the Debye screening length: 0.3 nm for the 1M, 3 nm for the 10mM
and 31 nm for the 0.1mM NaCl solution. The Debye screening length is defined in
eq. (8.5) and is shown as a function of concentration for a monovalent salt such as NaCl
in Fig. 8.2. For a monovalent salt the nominal value of the salt concentration is equal
to the ionic strength (eq. (8.9)) which is a measure for the screening of charges in a
solution.

Figure 8.3 shows the resulting ion distribution for the 0.1M NaCl electrolyte. The
multiples of the Debye screening lengths are indicated by the vertical lines. The negative
surface charge is screened by the positive Na+ ions (solid line) which are attracted
to the surface whereas the negatively charged Cl– ions (dotted line) are repelled from
the surface. At about 5 nm, both ions again reach their equilibrium distribution of
0.1M. One can see a clear weakness of the Poisson–Boltzmann equation, namely that
ions are allowed to come infinitely close to the interface where they reach very high
concentrations.

The Gouy–Chapman solution can also be used to assess the linearization of the

1The SI-unit for the molar concentration (or molarity) is mol/m3. However, typically the unit ‘molar’
(M = mole/liter) is used. 1M = 1mol/l = 1000mol/m3
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Figure 8.2.: Debye screening length as a function of salt concentration for a monovalent
salt such as NaCl showing typical length scales
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Figure 8.3.: Distribution of Na+ and Cl– ions as a function of distance from a negatively
charged solid–electrolyte interface. The Debye length κ−1, and multiples of
it, are indicated by the vertical lines. The equilibrium density of 0.1M is
reached after 5 nm.

Poisson–Boltzmann equation (Debye–Hückel approximation, Section 8.2). In this ap-
proximation, surface charge σs and surface potential φs can be related through the basic
capacitor equation

σs = φsCDL, (8.2)

where CDL is the capacitance per unit area of the electric double layer. This approxima-
tion is only valid for low potentials (up to several tens of mV) where the surface charge
density is proportional to the surface potential. The validity of this approximation is
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Figure 8.4.: Calculated surface potential (squares) as a function of surface charge for
NaCl at different salt concentrations. The solid lines show the analytical
solution of the Grahame equation for a monovalent salt whereas the dotted
lines are the solutions of the Debye–Hückel approximation. Only for high
salt concentrations or small surface charges, the linear relation of surface
charge and surface potential is fulfilled.

better for higher salt concentrations.
Figure 8.4 shows the surface potential at the solid–liquid interface as a function of

interface charge for the monovalent salt NaCl at different salt concentrations calculated
numerically with the Poisson–Boltzmann equation (squares). The solid lines are the
analytical solutions of the Grahame equation (eq. (8.1)) for a monovalent salt demon-
strating that our calculations are correct. The dotted lines have been calculated using
the Debye–Hückel approximation (eq. (8.7)). It can be clearly seen that only for high salt
concentrations or small surface charges the linearization is valid. In Fig. 8.4, for 0.1M
NaCl, σs = −0.025 C/m2 and the numerically calculated value of the surface potential
φs = −33mV, a capacitance per unit area of CDL = 77 μF/cm2 is obtained according
to eq. (8.2). Very often, the double layer capacitance is instead approximated by the
parallel plate capacity per unit area

CDL,‖ =
ε0εr
κ−1

. (8.3)

Here, the Debye screening length κ−1 has the meaning of an (effective) ‘thickness’ of the
electric double layer. In this case, using κ−1 = 0.96 nm and εr = 78, a capacity per unit
area of CDL,‖ = 72 μF/cm2 is obtained. In the latter case, the capacity does not depend
on the surface charge density. It only depends on the salt concentration through the
Debye screening length. Hence, the ability to store charge, i.e. the capacity, increases
for higher salt concentrations.
The numerical Poisson–Boltzmann calculations for the capacitance (using the same

data as in Fig. 8.4) are shown in Fig. 8.5. The capacitance increases rapidly for higher
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Figure 8.5.: Calculated capacitance of the electric double layer at different salt concen-
trations. The capacitance has a nearly constant value only for very small
potentials.

potentials but at very small surface potentials, the capacitance is equal to the approxi-
mation of eq. (8.3). This is expected because in the limit of low potentials, the solution
of the Poisson–Boltzmann equation must converge to the solution of the Debye–Hückel
equation.

The following effects are not taken into account in this model: Ion-correlation, steric
hindrance, finite ion size, ion adsorption, fixed charge distribution away from the inter-
faces (e.g. adsorbed molecules), hydrophobic or hydrophilic surfaces. Improvements of
the Gouy–Chapman model very often discussed in literature are the Stern and Helmholtz
layers. These models are useful in terms of giving a qualitative picture of the electric
double layer and have been discussed in detail in Ref. [Lub06]. However, they are practi-
cally not very useful as in general no parameters for typical length scales, charge density
accumulations and dielectric constants of specific arrangements are available introducing
too many adjustable fitting parameters to the system. Therefore we chose to improve our
electrolyte model by implementing a recently developed approach that uses potentials of
mean force. Additionally, this model also allows for the description of hydrophilic and
hydrophobic interfaces. This leads to a so-called extended Poisson–Boltzmann equation
which is described in Section 8.4. Later, we will apply this model to graphene and
diamond based biosensors and compare results with experiment.

8.2. Debye–Hückel approximation

The full Poisson–Boltzmann equation is a nonlinear differential equation for the elec-
trostatic potential and describes long-ranged electrostatic interactions quite accurately.
Very often, one is interested in reducing it to a simpler form which can be solved analyt-
ically. Within the Debye–Hückel (DH) approximation, the Poisson–Boltzmann equation
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is linearized by expanding the exponential of eq. (7.3) up to first order in φ so that the
potential distribution in the electrolyte is governed by(∇2 − κ2

)
φ(x) = 0, (8.4)

where the Debye screening length is given by

κ−1 =

(
N∑
i=1

εrε0kBT

(zie)2ci,0

)1/2

. (8.5)

The symbols have the same meaning as in eq. (7.3). The Debye screening length is often
used as a descriptive parameter of the system of investigation and is of the order of a
few nanometers. For instance, for an electrolyte with a planar surface at x0 = 0nm, the
solution that satisfies the one-dimensional variant of eq. (8.4) is given by

φ(x) = φDH exp(−κx), (8.6)

where φDH is the Debye–Hückel potential at x0. It is related to the (effective) surface
charge density σDH at x0 as follows (compare with eq. (8.2) and eq. (8.3))

σDH =
εrε0φDH

κ−1
. (8.7)

One should keep in mind that the Debye–Hückel equation is only applicable for low
electrostatic potentials where it holds

eφ(x) � kBT. (8.8)

Effectively a diffuse double layer at low potential behaves like a parallel plate capacitor
where the electrochemical double layer capacitance per unit area can be estimated by
eq. (8.3). Therefore, κ−1 is often termed the ‘thickness’ of the double layer although
this is somehow imprecise as the thickness is larger (compare with Fig. 8.3). For larger
potentials the actual surface charge density σs or surface potential φs are substantially
different from σDH and φDH (compare with Fig. 8.4). Typically, the Debye–Hückel
approximation is used to estimate surface potentials and it is not used in numerical
calculations. In Chapter 7 we compared the validity of the DH approximation to the
Poisson–Boltzmann equation by solving both equations numerically for a situation where
the electrolyte region contains a charged region of amino acids close to the surface.

8.3. Buffer solutions

In Chapter 7 we applied a Poisson–Boltzmann model to a silicon protein sensor where
we have added a sophisticated model to our electrolyte that takes into account buffer ion
concentrations as a function of pH value. To calculate the concentrations of the buffer
ions, we briefly sketch the relevant equations that have been implemented into our self-
consistent algorithm. While the details of buffer solutions have been described in detail in
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Ref. [BE96] and are thus widely known, to our knowledge these equations have not been
considered so far when modeling the pH dependence of solid–liquid systems. However,
this is important as the buffer ion concentrations and thus the screening behavior of
electrolytes, as well as chemical or biological reactions, depend strongly on the pH value.
Therefore, it is useful to study the behavior of biosensors at various pH values, and at
various salt concentrations using monovalent and divalent salts. Theoretical models that
reproduce experimental results for a particular pH value can then be benchmarked if they
will also work at other pH values and for other salt properties. If they do, this gives
confidence into the model.

8.3.1. Ionic strength

The ionic strength of the electrolyte is defined as

I(x) =
1

2

N∑
i=1

ci(x)z
2
i , (8.9)

where N is the number of all different ion species that are present in the electrolyte, ci is
the concentration and zi is the valency of the ion species i. Because the concentrations of
the ions in the vicinity of the semiconductor surface depend on the spatial coordinates,
our algorithm allows for a spatially varying ionic strength. In physiological systems the
ionic strength is of the order 150mM.

8.3.2. Effect of temperature on buffers

The parameter dpKa/dT defines the change in pKa with temperature. This quantity
depends on the buffer, and can be negative or positive or even close to zero. Thus the
temperature dependent pKa,T value is given by

pKa,T = pKa + dpKa/dT · (T − 298.15K) . (8.10)

Here, T is given in units of Kelvin and the ‘thermodynamic’ pKa value is defined for
25 ◦C.

8.3.3. Debye–Hückel relationship

When using biological sensors, the pH is typically adjusted by titration and can be mea-
sured. Thus the pH of the bulk electrolyte is an input quantity for our simulations.
Knowing the pH, one can calculate the concentrations of the buffer ions taking into
account the temperature and the ionic strength of the solution. The pK ′

a,T value deter-
mines the concentrations of the buffer ions but itself depends on the ionic strength I(x)
and on temperature T . As the ionic strength depends on the concentrations of the buffer
ions, we have to solve this nonlinear equation self-consistently by an iterative scheme.
The usually employed Debye–Hückel relationship reads

pK ′
a,T = pKa,T + (2za − 1)

[
A
√
I

1 +
√
I
− 0.1 · I

]
, (8.11)
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where pK ′
a,T is called the ‘modified’ (or ‘apparent’ or ‘working’) pKa value, za is the

charge on the conjugate acid species and the constant A(T ) depends on the temperature
of the solution. The value of A is around 0.5 (at T = 0 ◦C: A = 0.4918, at T = 100 ◦C:
A = 0.6086). pK ′

a,T (x) is a function of position x because the ionic strength I(x) is a
function of position whereas pKa,T only depends on the temperature.

8.3.4. Henderson–Hasselbalch equation

The Henderson–Hasselbalch equation

pH = pK ′
a,T + log10

[base]

[acid]
, (8.12)

relates the pH of the electrolyte to the pK ′
a,T of the conjugate acid–base pair and the

relative concentrations of acid and base. Since all quantities of this equation depend
on spatial coordinates, the local pH value is also a function of position. In the vicinity
of the semiconductor surface, the local pH therefore differs from the pH of the bulk
electrolyte. Most buffers involve only one chemical reaction, thus a single pKa value
is sufficient. Some buffers are more complicated and involve three reactions, e.g. the
phosphate buffer saline (PBS) solution, which is used in Chapter 7, requires three pKai

values (i = 1, 2, 3). As the concentrations of the ions also depend on the electrostatic
potential through the Poisson–Boltzmann equation (eq. (1.1) and eq. (7.3)) – which is
influenced by the Schrödinger equation that determines the quantum mechanical charge
density in the semiconductor device region – it is clear that only a numerical approach
is feasible to solve this coupled system of equations self-consistently.

8.3.5. Phosphate buffer

Phosphate buffer saline (PBS) is made of orthophosphoric acid H3PO4 and shows three
dissociation reactions:

H3PO4

pK′
a1,T−−−−−⇀↽−−−−− H2PO

−
4 +H+

pK′
a2,T−−−−−⇀↽−−−−− HPO2−

4 + 2H+
pK′

a3,T−−−−−⇀↽−−−−− PO3−
4 + 3H+ (8.13)

Using the Henderson–Hasselbalch equation (eq. (8.12)), the concentrations of the in-
volved ions can be calculated by the following formulas:

[H3PO4] =
[PBS]

1 + 10pH−pK′
a1,T ·

(
1 + 10pH−pK′

a2,T ·
(
1 + 10pH−pK′

a3,T

)) (8.14)

[H2PO
−
4 ] = [H3PO4] · 10pH−pK′

a1,T (8.15)

[HPO2−
4 ] = [H2PO

−
4 ] · 10pH−pK′

a2,T (8.16)

[PO3−
4 ] = [HPO2−

4 ] · 10pH−pK′
a3,T (8.17)

[Na+] = −z1[H2PO
−
4 ]− z2[HPO2−

4 ]− z3[PO
3−
4 ] (8.18)

Here, z1 = −1, z2 = −2 and z3 = −3 are the valencies of the respective ions H2PO
–
4,

HPO2–
4 and PO3–

4 . In our implementation, the concentration of the PBS buffer and the
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Figure 8.6.: Calculated concentrations of the buffer ions (solid lines) of the phosphate
buffer saline (PBS) solution as a function of pH. At small and large pH val-
ues, the ionic strength (dashed line) strongly increases due to the increase
in [H3O

+] and [OH–] concentrations, and their corresponding anions and
cations. The influence of the valency on ionic strength (quadratic depen-
dence, see eq. (8.9)) is noticeable for [HPO2–

4 ].

pH in the bulk electrolyte are fixed. However, the local value for the pH depends on
the local concentration of H3O

+ ions. The concentrations of the buffer ions [H2PO
–
4],

[HPO2–
4 ], [PO3–

4 ] and [Na+] are then calculated using the parameters listed in Table 8.1.
For a given local value of pH, equations (8.9), (8.11) and (8.12) (i.e. equations (8.14),
(8.15), (8.16), (8.17) and (8.18)) have to be solved self-consistently in an iterative man-
ner. Figure 8.6 shows the concentrations of the buffer ions and the ionic strength as a
function of pH for a 1mM PBS buffer. The second column (0mM KCl) of Table 7.1 lists
these values at pH = 7.5 (vertical dotted line in Fig. 8.6).

Table 8.1.: Buffer parameters: Phosphate buffer saline (PBS)

Symbol Value Units

pKa1(25
◦C) 2.15

pKa2(25
◦C) 7.21

pKa3(25
◦C) 12.33

dpKa1/dT 0.0044 K−1

dpKa2/dT −0.0028 K−1

dpKa3/dT −0.026 K−1

za1 0
za2 −1
za3 −2
A(25 ◦C) 0.5114
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8.4. Extended Poisson–Boltzmann equation: Potentials of
Mean Force

Various corrections to the Poisson–Boltzmann equation have been proposed and are
reviewed in Ref. [BKN+05]. In this section we describe the extended Poisson–Boltzmann
(ePB) equation that includes corrections through a potential energy term. It treats the
long-ranged electrostatic interactions between ions and the net surface charge and among
the ions at finite bulk salt concentrations ci,0 on an approximate mean-field level and
simultaneously takes into account ion-specific surface interactions through potentials of
mean force (PMF). The PMFs are defined for each ion depending on a hydrophobic
(nonpolar) or hydrophilic (polar) solid–electrolyte interface. This approach is based on
the work of Schwierz, Horinek and Netz [SHN10] and allows us to distinguish between
the behavior of different ions, like that the repulsion of F– ions is much stronger than
for Cl– or I– ions at hydrophobic surfaces. They published fitting functions for the
PMFs obtained from molecular dynamics simulations that we will use throughout this
thesis. In fact, these functions have been obtained from hydrophobic CH3-terminated
and from hydrophilic OH–-terminated self-assembled monolayers and are valid for planar
surfaces. In the following chapters we apply this model to diamond and graphene based
sensor structures. Obviously, our interfaces are different compared to self-assembled
monolayers. Thus we consider the provided fitting functions as a model system in order
to be able to compare hydrophobic vs. hydrophilic semiconductor–electrolyte interfaces.
The ion density in the electrolyte is now given by

ρ(x) =

N∑
i=1

zieci,0 exp

(
−zie (φ (x)− UG) + VPMF,i(x)

kBT

)
, (8.19)

where the potential energy term VPMF,i(x) is the spatially varying potential of mean
force of ion species i. The other symbols have the same meaning as in eq. (7.3). The
PMFs are only relevant in the vicinity of the interface (0 nm to 1.4 nm) and introduce
a repulsive term which prevents the unphysical situation of too many ions coming too
close to the surface.
Instead of assuming a constant value of ε

H2O
r = 78 for the dielectric constant of water,

for all PMF calculations a local dielectric constant for the electrolyte based on the water
density will be employed, hence including effects such as the water replacement by the
distribution of ions at surfaces. We assume the local dielectric constant εr(x) that enters
the Poisson–Boltzmann equation to vary in the electrolyte as a function of distance x
from the solid–liquid interface at x0 = 0nm like

εr(x) = εr,s +
(
ε
H2O
r − εr,s

) ρH2O(x)

ρ
H2O
0

. (8.20)

Here, the dielectric constant is assumed to be proportional to the water density profile

ρH2O(x) (see Fig. 8.7) where ρ
H2O
0 is the bulk density of water. This density profile

has been obtained by a fitting function. The fitting parameters were chosen to match
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the according profiles obtained from molecular dynamics simulations (see [SHN10]). In
fact, this density profile is different for hydrophobic compared to hydrophilic surfaces
as shown in Fig. 8.8. Thus the microscopic structuring of water in the vicinity of a
nonpolar or a polar solid wall is taken into account in our model. εr,s is the relative
dielectric constant at the surface of the electrolyte which can be the constant of e.g.
a self-assembled monolayer or the constant of vacuum (εr,s = 1) if there is a distance
of a few Angstrom where there are no ions or water molecules at the solid–electrolyte
interface. For the calculations in this section, we assume εr,s = 4 as in Ref. [SHN10]
for a self-assembled monolayer but in the following sections on graphene and diamond

Figure 8.7.: Spatially varying static dielectric constant εr(x) (red dotted line) of the elec-
trolyte at a hydrophobic solid–liquid interface according to the parameters
of Ref. [SHN10]. The static dielectric constant varies from εr = 1 at the
interface to εr = 78 in the bulk electrolyte. It is proportional to the water
density profile (black solid line).
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Figure 8.8.: Resulting water density profile (fitting function) at hydrophobic (solid line)
and hydrophilic (dotted line) solid–liquid interfaces.
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Figure 8.9.: Ionic potentials of mean force (PMF) for the ions Na+ (black lines) and
I– (red lines) at a hydrophobic (solid lines) and a hydrophilic solid–liquid
interface (dotted lines). The interface is at 0 nm, and the PMFs are zero
beyond 1.4 nm indicated by the vertical line.

based sensors we use εr,s = 1. The water density only varies along the first 2 nm away
from the interface. The water is depleted from the interface in the hydrophobic case
by approximately 0.3 nm. In general, the water density profile will differ slightly for
different solids, e.g. it was found that for diamond and graphene the spatial variation of
the density had roughly the same shape but the maxima and minima in graphene were
more pronounced leading to a slightly different dielectric constant profile. The reason
for this is probably that the first atomic layer (which has by far the biggest influence) of
graphene is denser than the first layer of diamond [Bon]. For the purpose of our model
where we are mainly interested in qualitative trends, these deviations are thus negligible
from our current point of view. However, as we show in Fig. 10.14, a shift of the water
density profile of ±0.05 nm, i.e. a shift in the onset, changes the results slightly. In
contrast, we found that shifting the PMFs by this amount has only negligible influence.
In fact, the PMFs are quite robust, for instance calculations on various hydrophobic
surfaces showed nice agreement [Net]. This gives us confidence in applying the PMFs,
derived for the interface of self-assembled monolayers in contact to water, to our graphene
and diamond based solid–liquid interfaces in the next two chapters.

As a simple example to illustrate the extended Poisson–Boltzmann equation, we model
a 50 nm electrolyte solution containing 1M or 10mM of NaI. It is the example used by
Schwierz et al., where they compared their predictions of ion distributions at various
salt concentration successfully against molecular dynamics simulations, demonstrating
the robustness of the extended PB equation. We assume solid interfaces at the left and
right boundary of the electrolyte that are either both hydrophobic or hydrophilic.

Figure 8.9 shows the PMF of Na+ and I– ions at hydrophobic and hydrophilic surfaces
as a function of distance from the interface (see Supporting Information of Ref. [SHN10]
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for more detailed information). Very large values for the potential energies indicate
strong repulsion of the ions, implying no ions close to the surface. The repulsion of ions
at hydrophobic interfaces is obviously stronger. Further away from the interface the
repulsion is modulated by the water density, and there is even a region of attraction for
I– at around 0.6 nm for the hydrophobic interface. However, we note that the actual
shape of the potentials of mean force does not have much influence on our calculations
in Chapter 9 and Chapter 10 because we are interested in the carrier density in the solid,
and not so much in the actual ion distribution in the electrolyte. What has significant
influence is the onset of the strong repulsion of the ions, and the dielectric constant of
water. As these two ingredients strongly differ for hydrophobic and hydrophilic solids,
significantly different results are obtained for these two cases. Additionally, when com-
pletely ignoring PMFs as in the standard Poisson–Boltzmann model (PB), the results
will be even more different. In any case, the hydrophilic results are expected to lie in
between the results of the hydrophobic and the PB model. In this thesis we are inter-
ested in showing the differences among the three models: hydrophobic solid, hydrophilic
solid, standard Poisson–Boltzmann model. In most cases our interfaces are charged (e.g.
the charge in a two-dimensional electron gas in the solid), thus always the ion type with
the opposite charge strongly dominates the ion concentration profiles at the interface
and its concentration is much higher than its equilibrium concentration. Consequently,
we do not care much about the tiny modulations in the PMF profiles. They are how-
ever noticeable for uncharged solid interfaces. In this case the ion concentration profiles
oscillate around their equilibrium value to a lesser extent and thus strongly follow the
shape of their PMFs. This can be seen for the hydrophobic case in Fig. 8.10 and for the
hydrophilic case in Fig. 8.11, respectively, where the concentrations of the Na+ ions are
shown in red, and the I– ions in black. The vertical lines indicate the barrier from where
on the PMFs are zero and the usual Poisson–Boltzmann screening behavior takes place.
The concentration of I– ions is stronger at the hydrophobic surface than for Na+ ions
indicating that their adsorption is stronger. This situation is reversed at hydrophilic
surfaces. In both cases the preference of one ion over the other decreases with increasing
ionic strength. Thus the shapes of the ion density profiles ci/ci,0 for 1M (solid lines) and
10mM solutions (dotted lines) are not identical, although within our model, the water
density and the PMFs are independent of the equilibrium concentration of the salt in
the solution. A self-consistent solution of the extended Poisson–Boltzmann equation not
only takes into account the PMFs and the water density but also takes care of the local
electrostatic potential and the spatial variation of the ionic strength (eq. (8.9)) that
dominates the complicated overall screening behavior of the electrolyte at the interface.
The results of our calculations show perfect agreement to Fig. 3(A) and Fig. 3(C) of
Ref. [SHN10].
Figure 8.12 shows the electrostatic potential −φ(x) for the hydrophobic surface for

1M (solid lines) and 10mM (dotted lines) NaI solutions. The 1M solution has a higher
ionic strength and thus interface effects vanish after approximately 2 nm completely,
whereas for the 10mM solution the screening is not so effective. The red lines show the
same data on a logarithmic scale (arrows) which are in perfect agreement to Fig. 4(A)
of Ref. [SHN10].
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Figure 8.10.: Ion concentration profiles of 1M (solid lines) and 10mM (dotted lines) NaI
solution at a hydrophobic (nonpolar) surface (Na+ ions: red lines, I– ions
black lines)
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Figure 8.11.: Ion concentration profiles of 1M (solid lines) and 10mM (dotted lines) NaI
solution at a hydrophilic (polar) surface (Na+ ions: red lines, I– ions black
lines)
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Figure 8.12.: Electrostatic potential of 1M (solid lines) and 10mM NaI (dotted lines)
solution at a hydrophobic surface. The red lines show the same data on a
logarithmic scale (arrows).

In the following two sections, our electrolytes contain Na+ and Cl– ions, therefore
we show their potentials of mean force (PMF) for the hydrophobic (solid lines) and
hydrophilic interfaces (dotted lines) in Fig. 8.13. We note that the PMF for Na+ ions
is identical to the one of Fig. 8.9. The PMFs are zero beyond 1.4 nm indicated by the
vertical line. One can clearly see that the PMFs for the hydrophobic interface repel the
ions strongly for distances below 0.4 nm from the interface.
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Figure 8.13.: Ionic potentials of mean force (PMF) for the ions Na+ (black lines) and
Cl– (red lines) at a hydrophobic (solid lines) and a hydrophilic solid–liquid
interface (dotted lines). The PMFs repel the ions strongly for distances
below 0.4 nm from the interface for the hydrophobic case.
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9. Modeling graphene based solution gated
field-effect transistors

In this chapter we model graphene based solution gated field-effect transistors (SGFET).
First, we discuss the band structure of graphene. Then we compare the density and
capacitance of ideal graphene layers with graphene layers that are subject to potential
fluctuations. Finally, we model graphene based sensors in liquid environments. We apply
our new extended Poisson–Boltzmann approach (see Section 8.4) and compare its results
to simpler models and to experiment. The effect of the solution-gate potential on the
electronic properties of graphene is explained using a model that takes into account the
microscopic structure of water at the graphene–electrolyte interface.

9.1. Band structure of graphene

Graphene is a two-dimensional crystal which consists of a monolayer of graphite. Al-
though its band structure and related properties have been studied and known since
decades [Wal74], only recently the material has been subject of intensive research world-
wide mainly due to its exceptional physical properties and numerous potential appli-
cations in electronics but also due to its low-cost fabrication techniques (e.g. ‘Scotch
tape technique’). Eventually, in 2010 the Nobel prize was awarded to A. Geim and
K. Novoselov for their pioneering work [NGM+04]. Compared to silicon, graphene shows
superior chemical stability and is expected to be bio-inert which makes it an ideal ma-
terial for biosensor and bioelectronic applications. Its electronic properties allow it to
outperform silicon for sensing devices because graphene is an ideal two-dimensional sys-
tem with very high mobilities for both electrons and holes even at room temperature. In
addition, it is sensitive to environmental conditions and charge adsorption. So far most
of the reports on graphene field-effect transistors have addressed operation under vacuum
or atmospheric conditions. Recently also operation under aqueous electrolyte environ-
ments were demonstrated for pH sensing and protein adsorption [ACWL08, HCM+09].
A summary of the technological challenges and references to recent work can be found in
Ref. [DHL+10]. However, a detailed understanding of the graphene–electrolyte interface
and the effect of the electrolyte on the electronic transport in graphene is still lacking.
The former will be addressed in this thesis.

In this section we analyze the band structure of graphene using a tight-binding ap-
proach in the nearest-neighbor (nn) and third-nearest-neighbor (3rd-nn) approximation.
We compare three different sets of parameters with the widely used linear E(k) relation-
ship.
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Figure 9.1.: Calculated band structure of graphene using the tight-binding method. Con-
duction band π∗ (upper part) and valence band π (lower part) of graphene
along special high symmetry directions in the two-dimensional hexagonal
Brillouin zone for different models.

The conduction (E+) and valence band energies (E−) can be calculated by

E± =
E2p ∓ γ0w(k)

1∓ s0w(k)
, (9.1)

where E2p is the site energy (orbital energy) of the 2pz atomic orbital, and γ0 is the C–C
transfer energy which is typically in the interval −3 eV < γ0 < −2.5 eV. The overlap
of the electronic wave function on adjacent sites is denoted with s0. Since it is a small
value, it is often neglected. Finally, w(k) is given by [SK01]

w(k) =

√
1 + 4 cos

aky
2

cos

√
3akx
2

+ 4 cos2
aky
2
. (9.2)

Figure 9.1 shows the conduction band π∗ (E+) and valence band π (E−) of graphene
along special high symmetry directions in the two-dimensional hexagonal Brillouin zone
in k space. The high symmetry points that are used in this graph (from left to right) are:

K =
(
0, 23

)
2π
a , Γ = (0, 0), M =

(√
1
3 , 0

)
2π
a , K′ =

(√
1
3 ,

1
3

)
2π
a . The blue solid lines are

the third-nearest-neighbor tight-binding approximation using the parameters of Reich
et al. [RMTO02]. Using this set of parameters, the band gap at the K and K′ points
is not exactly zero. The red dashed lines are the nearest-neighbor approximation using
the parameters of Saito [SK01]. They are nonsymmetric with respect to the electron
and hole dispersion and are close to calculations from first principles and experimental
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Figure 9.2.: Calculated energy dispersion E(kx, ky) of graphene using the parameters of
Saito with s0 = 0.129 in the nearest-neighbor approximation. The upper
part refers to the conduction band, the lower part to the valence band.
At the six Dirac points where the conduction band edge energy equals the
valence band edge energy, the dispersion becomes linear.

data. Setting s0 = 0 yields the green dotted lines that are symmetric with respect to
the Fermi level EF = 0 eV. Then the dispersion of both π∗ and π is the same (apart
from the sign). In this case the splitting energy at Γ is three times as large as at the M
point (indicated by the arrows). The black dash-dotted lines correspond to the linear
E(k) relationship that is typically used (k · p approximation or linear expansion). It is
valid at the K and K′ points for low energies, and this is the approximation that we will
use in the following sections. The linear dispersion is independent of the parameter s0.
Thus for small values of k (with respect to the K point), the energy dispersion can be
approximated by a linear dispersion relation

E(k) = E2p ± h̄vF |k| = E2p ±
√
3γ0

a

2
k, (9.3)

where a is the lattice constant of graphene (a = 0.24612 nm), k =
(
k2x + k2y

)1/2
and the

Fermi velocity of the charge carriers is given by vF =
√
3 |γ0| a

2h̄
∼= 0.98·106m/s ∼= 0.003c,

where c is the velocity of light. At the K and K′ points, the band gap is zero.

Figure 9.2 shows the calculated energy dispersion E(kx, ky) of graphene using the
parameters of Saito with s0 = 0.129 in the nearest-neighbor approximation. The upper
part refers to the conduction band, the lower part to the valence band. They are not
symmetric for the parameterization of Saito (see Fig. 9.1). At the six Dirac points (three
K and three K′ points) where the conduction band edge energy equals the valence band
edge energy, and thus the band gap is zero, the dispersion becomes linear. The point in
the middle is the Γ point. The x axis shows kx within the interval [−2/3, 2/3] 2πa , the
same holds for ky.
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9.2. Density and capacitance of graphene films

In this section, we calculate the density in graphene layers according to Ref. [FKXJ07]
assuming a linear energy dispersion E(k) leading to symmetric electron densities n and
hole densities p with respect to |η|. They are calculated to be

n =
2

π

(
kBT

h̄vF

)2

F1 (+η) (9.4)

p =
2

π

(
kBT

h̄vF

)2

F1 (−η) , (9.5)

where the Fermi velocity vF of the charge carriers in graphene was chosen to be vF =
0.98 · 106m/s. F1 is the Fermi–Dirac integral of the order 1 having η = (EF − ED) /kBT
as its argument, where the position of the Fermi level EF relative to the Dirac point
ED determines the charge density. Usually ED is assumed to be at ED,0 = 0 eV due
to the symmetry of the energy dispersion. Fermi–Dirac integrals of any order can be
evaluated numerically very efficiently using approximation formulas [Ant93]. For reasons
that become clear in the next section, we assume the Fermi level to be constant and fixed
at EF = 0 eV, i.e. the position of the Dirac point equals 0 eV only in the case of zero
electrostatic potential

ED = ED,0 − eφ(x). (9.6)

Figure 9.3 shows the calculated electron and hole sheet carrier densities as a function
of the position of the Fermi level at room temperature. Usually one is interested in small
Fermi level variations. Figure 9.4 shows the same data in the regime of lower applied
voltages (zoom of Fig. 9.3).
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Figure 9.3.: Calculated electron and hole sheet densities in graphene as a function of
position of the Fermi level for T = 300K.
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Figure 9.4.: Calculated electron and hole sheet densities in graphene as a function of
position of the Fermi level for T = 300K in the low voltage regime.
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Figure 9.5.: Quantum capacitance of an ideal graphene layer at room temperature.

The quantum capacitance, C = ∂Q/∂U , of ideal graphene is shown in Fig. 9.5. It is
obtained by calculating the derivative of the total charge, Q = n + p, with respect to
the voltage (i.e. local channel electrostatic potential).

An improvement to this ideal quantum capacitance model has been proposed by Xu
et al. [XZP11]. They assumed that a real graphene layer differs from a perfect graphene
layer due to potential fluctuations that obey a Gaussian distribution. The potential
fluctuations lead to a fluctuation of the local density of states. They calculated the
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Figure 9.6.: Quantum capacitance of a nonideal graphene layer at room temperature for
different values of the potential fluctuations.

average quantum capacitance of a large graphene sheet with fluctuating local potential by
a microscopic capacitance model in which the macroscopic graphene plane is divided into
N small cells with the same area. Essentially, they view the graphene plane as composed
of many cells connected in parallel. We implemented their model slightly differently as
our numerical Schrödinger–Poisson solver needs an expression for the density rather than
the capacitance. The density in graphene including potential energy fluctuations δE is
thus given by

n′(EFD, δE) =

∫ ∞

−∞
n(E)P (E,EFD, δE)dE, (9.7)

where EFD = EF − ED is the difference in energy of the Fermi level with respect to
the Dirac point, and n(E) is the equation for the density in ideal graphene (eq. (9.4)
and eq. (9.5)). The potential energy fluctuations are assumed to follow a Gaussian
distribution given by

P (E,EFD, δE) =
1√

2πδE
exp

(
−(E − EFD)

2

2δE2

)
. (9.8)

Using this model, the quantum capacitance with respect to the voltage is shown in
Fig. 9.6 for five different values of the potential fluctuation. In order to compare our
results with the calculations of Xu et al., we used a Fermi velocity of 1.15 · 106 m/s
in this figure. Only the quantum capacitance at low voltages is affected by potential
fluctuations where they are responsible for the lower limit of the quantum capacitance.
For large voltages the potential fluctuations are negligible because the density is already
very high.
Finally, Fig. 9.7 shows the calculated intrinsic carrier density in thermal equilibrium

and under no external perturbation (V = 0) where the Fermi level is at the Dirac point,
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Figure 9.7.: Calculated intrinsic sheet carrier density in graphene vs. temperature. The
arrow indicates the intrinsic carrier density at room temperature.

i.e. exactly in the middle of the (zero) band gap energy. The intrinsic carrier density
depends quadratically on the temperature. At room temperature (T = 300K) it is about
ni = pi = 8.5 · 1010 cm−2.

9.3. Results: Modeling graphene based sensors in liquid
environments

In this section we describe our approach for modeling graphene based sensors in liq-
uid environments and present our results. First we discuss the operation principle of a
graphene solution-gated field-effect transistor. Figure 9.8 shows the effective modulation
of the graphene conductivity by the electrolyte potential. Using the concept of an ide-
ally polarizable graphene–electrolyte interface, the modulation of the conductivity by the
electrolyte potential can be described as follows: The reference electrode is used to con-
trol the potential at the graphene–electrolyte interface. An applied gate potential fixes
the potential drop between the Fermi level EF in graphene and the reference electrode.
From now on, the electrolyte potential will be referred to as gate potential UG. For gate
potentials more negative than the Dirac point (left part of figure), the position of EF is
driven further below the valence band maximum, increasing the number of holes in the
graphene film and thus the conductivity. If the potential is reversed and more positive
gate potentials are applied (right part of figure), EF in the graphene film will be pushed
above the conduction band minimum, increasing the number of electrons in graphene.
This symmetric switching between electrons and holes is due to the semimetallic nature
of graphene (see Fig. 9.3, Fig. 9.4). Therefore, the applied gate voltage modulates both
the type and the number of free carriers. However, in order to fully understand the
modulation of the carrier density in graphene by the electrolyte potential, it is necessary
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Figure 9.8.: Operation principle of a graphene solution-gated field-effect transistor. The
schematic drawing demonstrates the modulation of the carrier density in the
graphene layer. The applied gate voltage UG with respect to the reference
electrode shifts the Fermi level EF in graphene below (left) or above (right)
the Dirac point, thus modulating both the type and the number of free
carriers. A negative value of UG leads to an access of holes (left) whereas a
positive UG induces an electron gas (right).

to examine the charge distribution at the graphene–electrolyte interface. An electric
double layer is expected to form at an ideally polarizable electrode–electrolyte interface.
For carbon based electrodes this interfacial layer is typically described by a double layer
capacitance varying from a few μF/cm2 for diamond electrodes to a few tens of μF/cm2

for graphite electrodes. For graphene not only the double layer capacitance is relevant.
The quantum capacitance of the graphene film (Fig. 9.5, Fig. 9.6) must be taken into
account as well.
A much simpler approach than ours for modeling liquid-gated graphene field-effect

transistors has been presented by Heller et al. [HCM+09]. They compared liquid gating
vs. back gating and found a striking difference in gating efficiency, namely that the
liquid gating is more efficient (strong coupling). They conclude that the strength of the
gate coupling determines the induced potential shifts that tune the Dirac point relative
to the Fermi level, which in turn determines the number of electrons and holes in the
conducting channel. They correctly point out that the total capacitance Ctotal (interfacial
capacitance) of liquid gating is a series capacitance of the liquid gate capacitance (electric
double layer capacitance) CDL and the quantum capacitance CQ of graphene

1

Ctotal
=

1

CDL
+

1

CQ
. (9.9)

Consequently, the applied gate potential drops over these two capacitances and the ap-
plied gate voltage cannot be directly assigned to the electrostatic potential in graphene
since part of the voltage drops in the electrolyte close to the surface. In the case of back
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gating (weak coupling) where an insulating layer (SiO2) is below the graphene in Heller’s
sample, the geometric capacitance of the oxide is in series to the quantum capacitance.
Heller et al. calculate the total capacitance by assuming a constant value for the liquid
gate capacitance based on a parallel plate capacitor model, although they mention that
it is in fact gate dependent. The parallel plate capacitance per unit area is given by
eq. (8.3). They assume κ−1 = 1nm, corresponding to the Debye screening length of
0.1M monovalent salt (compare with Fig. 8.2), and εr = 80 for water. Thus they derive
a (constant) value for the liquid gate capacitance of 70 μF/cm2. In contrast, our model
allows us to take into account the gate dependent liquid gate capacitance, as well as
a spatially varying dielectric constant εr for water. We calculated self-consistently the
spatial charge ρ(x) and electrostatic potential φ(x) distribution in the SiC–graphene–
electrolyte system by solving the nonlinear Poisson equation (eq. (1.1)). We use the
Dirichlet boundary condition φ(∞) = UG for the electrostatic potential in the bulk elec-
trolyte which is determined by the voltage UG of the reference electrode (corresponding
to zero net ion charge density in the electrolyte far away from the interface), and the
Neumann boundary condition ∂φ

∂x = 0 V/m (vanishing electric field) deep in the SiC
layer corresponding to overall charge neutrality. The sheet charge density in graphene
is calculated as described in Section 9.2. The Fermi level is assumed to be constant and
fixed at EF = 0 eV, i.e. the energetic position of the Dirac point ED equals 0 eV only in
the case of zero electrostatic potential (eq. (9.6)). Consequently, an applied gate voltage
UG in the electrolyte modifies the electrostatic potential in the graphene layer and thus
alters its charge density by moving the Dirac point with respect to the Fermi level. For
the graphene layer we assume a thickness of 0.334 nm, corresponding to half the lattice
spacing in graphite, i.e. the thickness of one monolayer. The dielectric constants of SiC
and graphene were chosen to be εr = 10.3 and εr = 5.68, respectively, where the latter is
actually the one for diamond. The dielectric constant in the electrolyte is proportional
to the water density according to Ref. [SHN10] (see Fig. 8.7) and varies from εr = 1 at
the interface to εr = 78 further away from the interface. The distribution of the ions
in the electrolyte is calculated using an extended Poisson–Boltzmann approach that
takes into account recently published [SHN10] ionic potentials of mean force (PMFs)
VPMF,i(x) (i =

{
Na+,Cl−

}
). They were described in detail in Section 8.4. The ion den-

sity is given by eq. (8.19). The temperature has been assumed to be room temperature
(T = 298.15K). The Poisson equation has been discretized on a nonuniform grid using
the finite differences method. It is solved numerically with a Newton–Raphson scheme.
As CPU time is not critical (order of seconds) the grid spacing has been chosen to be
very small (0.02 nm) to resolve the fitting functions of the potentials of mean force rea-
sonably well at the solid–liquid interface. More details on the simulation of the combined
system of semiconductor–electrolyte systems with the nextnano3 software are described
in Chapter 7. The PMFs describe hydrophobic (i.e. nonpolar) or hydrophilic (i.e. po-
lar) solid–liquid interfaces and are based on fitting functions obtained from molecular
dynamics simulations [SHN10]. They are shown in Fig. 8.13 together with the ones for
hydrophilic interfaces. The PMFs have the effect of repelling the ions from the inter-
face and are zero at distances larger than 1.4 nm from the interface. We compare this
approach with the traditional Poisson–Boltzmann (PB) equation where no PMFs are
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Figure 9.9.: Total ion density profile ρ(x) for applied gate potentials of UG = 0.2V (solid
lines) and UG = 0.4V (dotted lines) for the hydrophobic solid–liquid inter-
face (extended Poisson–Boltzmann model, black lines) and for the standard
Poisson–Boltzmann approach (red lines). The gray rectangle indicates the
region where the potentials of mean force are nonzero. The 0.34 nm wide re-
gion of zero charge at the solid–liquid interface in the case of the hydrophobic
extended PB model corresponds to an effective ‘insulator thickness’.

employed while assuming a constant value of εr = 78 for the static dielectric constant
of the electrolyte. We find significant differences for both the spatial distribution of the
resulting ion density and the electrostatic potential distribution. Figure 9.9 shows the
calculated total ion density profile ρ(x) for applied gate potentials of UG = 0.2V (solid
lines) and UG = 0.4V (dotted lines) for the hydrophobic solid–liquid interface (extended
Poisson–Boltzmann model, black lines). The results of the standard Poisson–Boltzmann
approach (red lines) are shown for comparison. The gray rectangle indicates the region
where the potentials of mean force are nonzero. One can clearly see the effective ‘insula-
tor thickness’, i.e. the 0.34 nm wide region of zero charge at the solid–liquid interface in
the case of the hydrophobic extended Poisson–Boltzmann model. For higher gate volt-
ages, the Poisson–Boltzmann approach leads to unrealistically high ion concentrations
at the interface (not shown). We note that the integrated ion density in the electrolyte
corresponds exactly to the sheet charge density in graphene due to the overall charge
neutrality requirement.

Figure 9.10 shows the calculated electrostatic potential distribution for applied gate
potentials UG = 0.2V, UG = 0.4V and UG = 1.0V across the hydrophobic graphene–
electrolyte interface (extended Poisson–Boltzmann, black solid lines). The results of the
standard Poisson–Boltzmann approach (red dashed lines) are shown for comparison. In
the latter case, the potential drop in the electrolyte is very small, so that the applied
gate voltage nearly directly changes the Fermi level in the graphene layer with respect
to the Dirac point. In the hydrophobic model, there is a significant potential drop in
the electrolyte in the region close to the interface where the total ion density is very low
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Figure 9.10.: Electrostatic potential distribution for applied gate potentials UG = 0.2V,
UG = 0.4V and UG = 1.0V across the hydrophobic graphene–electrolyte
interface (extended Poisson–Boltzmann model, black solid lines). The re-
sults of the standard Poisson–Boltzmann approach (red dashed lines) are
shown for comparison. In the hydrophobic model, there is a significant
potential drop in the electrolyte in the region close to the interface where
the total ion density is very low (see Fig. 9.9).

(see Fig. 9.9), resulting in a lower value of the electrostatic potential in the graphene
layer. Consequently, for the same gate voltage the carrier density is expected to be
lower in the hydrophobic model. Only results for positive UG are shown. The results for
negative UG are symmetric with respect to the potential axis for the PB model, and also
roughly symmetric for the extended PB model apart from very small deviations due to
the different PMFs of the Na+ and Cl– ions.

We also find differences in terms of integrated charge densities (sheet densities) and
capacitances among our two models. Figure 9.11 (left) shows the calculated carrier
sheet density in the graphene layer as a function of applied gate electrode potential UG

for the hydrophobic solid–liquid interface using the extended Poisson–Boltzmann (ePB)
approach (blue line). The results of the standard Poisson–Boltzmann (PB) approach
(red line) are shown for comparison. The gray line shows the ‘quantum limit’ in bulk
graphene where a shift in the applied voltage corresponds directly to a shift of the Fermi
level with respect to the Dirac point, i.e. Egraphene

F = eUG The upper x axis corresponds
to the experimental results of in-solution Hall effect measurements of Ref. [DHL+10]
(blue dots), the lower x axis has been shifted so that the Dirac point is at UG = 0 eV.
Close to the Dirac point, no experimental data is provided because it is difficult to
estimate the number of carriers from Hall effect experiments in this case. The reason is
that the Hall voltage goes to zero if the number of holes and electrons is similar. From
Fig. 9.4 and Fig. 9.7 (arrow) the density around the Dirac point at room temperature
is expected to be about 1011 cm−2. The experiment indicates a linear slope of the
electron density vs. (positive) gate voltage and a supralinear dependence for the hole
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Figure 9.11.: Left: Calculated carrier sheet density in the graphene layer as a function
of applied gate electrode potential UG for the hydrophobic solid–liquid
interface using the extended Poisson–Boltzmann (ePB) model (blue line)
and the standard Poisson–Boltzmann (PB) approach (red line). The gray
line shows the quantum limit in bulk graphene where a shift in the applied
voltage corresponds directly to a shift of the Fermi level with respect to
the Dirac point. The upper x axis corresponds to the experimental results
(blue dots), the lower x axis has been shifted so that the Dirac point is at
UG = 0 eV. Right: Calculated capacitance C = ∂Q/∂UG from the same
data. In each graph, the left half corresponds to holes, and the right half
to electrons. The blue dots are experimental data.

density vs. (negative) gate voltage. In the case of the PB model, the potential drop in the
electrolyte is almost negligible (compare with Fig. 9.10), i.e. the electrostatic potential in
graphene approximately equals UG, resembling the ‘quantum limit’ situation. In the case
of the extended PB model, an important potential drop occurs in the electrolyte, which
strongly reduces the effective electrostatic potential in the graphene film and thus the
carrier density. In any case, the graphene–electrolyte interface cannot be solely described
by the quantum capacitance since the experimental carrier density is much smaller than
predicted by the quantum limit. The right part of this figure shows the calculated
capacitance C = ∂Q/∂UG from the same data. The latter is defined as the derivative
of the total charge Q = e (p− n) in the graphene sheet with respect to the applied gate
potential UG. In each graph, the left half corresponds to holes, and the right half to
electrons. The qualitative agreement between theory and experiment is quite good for the
electrons. The hydrophobic model leads to results reasonably close to measured electron
densities in graphene. This also applies to the calculated capacitance as a function
of voltage which shows a similar behavior than the experimentally obtained values.
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However, our results for the hole densities were much lower compared to experiment.
Thus we were not able to reproduce the measured asymmetry with respect to the electron
and hole densities. Consequently, also the asymmetry in the capacitance plot could not
be reproduced. We want to emphasize that we did not use any adjustable parameters for
our calculations. Experimentally, also a clear asymmetry for electron and hole mobilities
was found [DHL+10], with the electron mobility being noticeably higher than the hole
mobility for the same carrier concentration. The asymmetry in the charge densities in
graphene could possibly be explained by ion (OH–) adsorption at the graphene interface
(similar as in diamond), which is only present at negative gate voltages [ACWL08].
This effect has not been taken into account in our simulations. In our model, the pH has
been set to 7, thus the concentrations of OH– and H3O

+ ions are not relevant for the
simulations compared to the Na+ and Cl– concentrations of 100mM NaCl. The buffer
ions (5mM PBS buffer) have not been included in the simulations as they are nearly two
orders of magnitude lower and potentials of mean force are not yet available for them.
We also did not take into account the presence of charged impurities that can induce
chemical doping, which would significantly increase the number of carriers by shifting
the Fermi level away from the Dirac point in the absence of a gate potential. For
simplicity, pyroelectric charges at the SiC–graphene interface have not been considered
in our model. They arise due to the spontaneous polarization in hexagonal SiC–6H. A
built-in electric field at the SiC–graphene interface could lead to electron doping of the
graphene layer. Bilayer graphene has a different effective mass for electrons and holes.
This would lead to asymmetry in the results for the carriers. It cannot be excluded with
certainty that some parts on the experimental samples consisted of bilayer instead of
single layer graphene.
Figure 9.12 shows the interfacial capacitance of the graphene–electrolyte system as

a function of applied gate electrode potential UG for the hydrophobic solid–liquid in-
terface (extended Poisson–Boltzmann model, black solid line). The results of the stan-
dard Poisson–Boltzmann approach (red dashed line) are shown for comparison. The
blue line shows the quantum limit of bulk graphene. These curves are the same as
in Fig. 9.11 (right). The gray line corresponds to a simple plate capacitor model of
width d = 0.32 nm and a static dielectric constant of εr = 1. One can see that at large
voltages UG the plate capacitor model describes nicely the hydrophobic double layer
capacitance whereas for small voltages the quantum capacitance of graphene dominates.
The reason for this behavior is simply the fact that the interfacial capacitance is a series
capacitance of the quantum capacitance of graphene and the double layer capacitance
of the electrolyte (eq. (9.9)). As shown in Fig. 9.6, potential fluctuations in graphene
increase the quantum capacitance only at low voltages, thus increasing the interfacial
capacitance only in this voltage regime. For the modeling of liquid-gated graphene in
this section, we assumed no potential fluctuations, corresponding to an ideal graphene
layer. The influence of these fluctuations can easily be estimated by comparing Fig. 9.12
with Fig. 9.6, i.e. only the low-voltage regime will be affected where the capacitance
will increase slightly. Essentially, fluctuations will reduce the gate dependence of the
interfacial capacitance, and may even lead to a rather constant value for the interfacial
capacitance. Consequently, our results for ideal graphene are in fact the lower limit for
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Figure 9.12.: Interfacial capacitance of the graphene–electrolyte system as a function of
applied gate electrode potential UG for the hydrophobic solid–liquid inter-
face (extended Poisson–Boltzmann model, black solid line). The results
of the standard Poisson–Boltzmann approach (red dashed line) and the
quantum limit (blue dotted line) of bulk graphene are shown for compari-
son (same data as in Fig. 9.11). The gray line corresponds to a simple plate
capacitor model of width d = 0.32 nm and a static dielectric constant of
εr = 1. At large voltages UG the plate capacitor model describes nicely the
hydrophobic double layer capacitance whereas for small voltages the quan-
tum capacitance of graphene dominates. For completeness we also include
the results for the hydrophilic extended PB model (green dash-dotted line).

the interfacial capacitance. Our value for the capacitance of the double layer (parallel
plate model) is around 3 μF/cm2 and thus much lower than the value of 70 μF/cm2

as estimated by Heller et al., who significantly overestimated the double layer capaci-
tance. Also the standard Poisson–Boltzmann model overestimates the capacitance. For
completeness, we also include our results for the capacitance of a (hypothetically) hy-
drophilic graphene–electrolyte interface (green dash-dotted line). Here, we used the
same extended Poisson–Boltzmann model as for the hydrophobic case but instead used
the hydrophilic parameters for the water density, i.e. static dielectric constant of the
electrolyte, and for the PMFs of the ions, see Fig. 8.8 and Fig. 8.13, respectively. The
hydrophilic results are somewhat closer the PB model but significantly different from
the hydrophobic model. As our hydrophobic model leads to results that are closer to
experimental results than the hydrophilic or the simple PB model, it seems to be very
important to consider the hydrophobic nature of interfaces when analyzing, optimizing
and modeling device behavior. In the next chapter we test our hydrophobic model on a
different material system, namely diamond.
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field-effect transistors

In this chapter we are investigating diamond–electrolyte interfaces. First, we discuss the
band structure of diamond. Then we analyze the properties of the two-dimensional hole
gas in surface conducting diamond as a function of substrate orientation. Finally, we
model the hydrophobic interaction and charge accumulation at the diamond–electrolyte
interface.

Hydrogen-terminated diamond is known to be surface conducting and hydrophobic
when in contact with water. While the hydrophobic interaction of surfaces with water
is a well-known phenomenon, there is not much known on its influence on biosensor de-
vices. In this chapter we calculate the interfacial potential at the hydrogen-terminated
diamond–aqueous electrolyte interface. We show that experimental results on the sheet
charge density of diamond field-effect devices can be reproduced by our simulations, only
if we include the hydrophobic nature of the surface into our model. Thus the perfor-
mance of potentiometric biosensor devices strongly depends on the hydrophobicity of the
surface. In Ref. [DLB+11] we published our work on modeling the diamond–electrolyte
interface where we particularly focused on the hydrophobicity of diamond and the charge
accumulation in this electric double layer as a function of electrode gate potential. The
hole charge distribution in the diamond had been described successfully with a single-
band effective-mass model, although such a model is typically not appropriate to describe
the hole energy levels in a semiconductor. However, for the purpose of that work where
only the total charge as a function of gate potential was relevant, the single-band model
worked reasonably well. In this chapter we extend the previous approach [DLB+11], by
now using a 6 × 6 k · p Hamiltonian to describe the charge accumulation at the dia-
mond surface. To our knowledge this is the first attempt to apply a self-consistent k · p
formalism to a semiconductor–electrolyte structure, where nonparabolicity effects and
warping are included. Self-consistent solutions of the Schrödinger–Poisson equation for
hydrogen-terminated diamond (surface conducting diamond) have previously been per-
formed by Edmonds et al. [EPL10]. They considered a single-band model with effective
masses derived from the Luttinger parameters of Willatzen et al. [WCC94] for diamond.
In contrast to the single-band model with parabolic and isotropic masses, the k ·p model
allows us to compare different diamond substrate orientations, namely (100), (110) and
(111) with respect to their sensitivity. However, an important ingredient for k ·p calcu-
lations are the Luttinger parameters that describe the hole masses. It seems that there
is not much known on the precise values of the valence band masses in diamond. This
will be the topic of the next section.
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10.1. Band structure of diamond

Intrinsic diamond is an insulator with an indirect band gap of 5.5 eV at room tempera-
ture. In this section we discuss the valence band structure of diamond and compare the
energy dispersion along several directions in k space. For the k · p energy dispersions a
number of different sets of Luttinger parameters that can be found in the literature will
be tested against each other. Surprisingly, there is still a substantial lack of information
about the details of the band structure of diamond. Willatzen et al. [WCC94] collected
eight different sets of Luttinger parameters from different authors. Further comparisons
have been made by Gheeraert et al. [GKTK99] and Reggiani et al. [RWZ83]. So we have
at least 13 different sets of Luttinger parameters. Only two of them are similar (the ones
of Saslow et al. and van Vetchen et al.), all others deviate more or less substantially. Pre-
vious work did not compare the resulting valence band structures for these parameters.
We found that for actually four of these sets of Luttinger parameters the hole dispersion
bends into the opposite direction (negative mass). Figure 10.1 shows our results. We
only plot the energy dispersion along the directions [110] (solid lines) and [111] (dotted
lines) (left part of the figure) where the sets of parameters lead to incorrect curvature of
the hole bands. The dispersion along [100] is plotted in all cases (right part of the figure,
solid lines). In diamond the split-off energy is very small (Δso = 6meV) and indicated by
the arrow. As we discard these sets of Luttinger parameters in the following, we do not
list the actual Luttinger parameters and their references. Instead we refer to Table IV
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Figure 10.1.: Comparison of different sets of Luttinger parameters where the 6× 6 k · p
valence band energy dispersion leads to incorrect curvature of the hole
bands. Negative x axis: energy dispersion along the [110] (m = 0, solid
lines) and [111] (m = 1, dotted lines) directions; positive x axis: energy
dispersion along the (100) direction (solid lines).
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in Ref. [WCC94] and references therein. The parameters by Eremets et al. (black solid
lines) and Bashenov et al. (red solid lines) lead to a dispersion along the [110] direction
where the curvature is almost flat and has negative slope at |k| > 0.035 Å−1 (Eremets)
or at |k| > 0.016 Å−1 (Bashenov). This fact was already discussed by Bashenov. Kono
et al. have published two sets of parameters. For both the first set (blue lines) and the
second set (green lines), the dispersion of the uppermost hole state has negative slope
along all three directions [100], [110] and [111]. Furthermore, the second set (green dot-
ted line) leads to negative slope for values of |k| > 0.025 Å−1 along the [111] direction.
This makes us believe that not all authors actually calculated the band structure for
their set of Luttinger parameters. Luttinger parameters are usually determined by cy-
clotron resonance experiments. This was the method employed by Rauch [Rau61] who
derived an effective light hole mass of mlh = 0.70m0 that showed little anisotropy and
a split-off hole mass of mso = 1.06m0 with no anisotropy. He also derived a value for
the heavy hole mass of mhh = 2.18m0 [Rau62]. We used these values in our previous
work [DLB+11] where we employed a single-band model. We note that the A, B and
C parameters of the early work of Rauch are significantly different to all other sets of
Luttinger parameters, and there seems to be even doubt on the correct interpretation of
his experiment [GKTK99].
Figure 10.2 and Fig. 10.3 show the dispersion along [110] and [111], respectively, as

well as along [100] for other sets of Luttinger parameters. We did not include the sets
published by van Haeringen et al., Reggiani et al., Saslow et al., van Vetchen et al. and
Hall. The purpose of the figures is to demonstrate that there is significant variance
among those parameters, and that the energy dispersion of the heavy hole for the Rauch
parameters corresponds to a much larger, i.e. heavier hole mass than for other sets of
Luttinger parameters.
As there is currently no consensus about any experimentally derived set of Luttinger

parameters, we also investigated the band structure obtained from the sp3d5s∗ tight-
binding (TB) parameterization of Jancu et al. [JSBB98]. They published empirical TB
parameters for diamond. However, this set does not lead to a spin-orbit splitting at k = 0
and thus all three hole bands are degenerate at the Γ point. The reason for this is that
they set their Δ/3 parameter to zero. We adjusted this parameter to Δ/3 = 0.0024 eV
so that we now obtain a split-off energy of Δso = 0.006meV. This change is negligible
with respect to the overall band structure so that we can still use the original Jancu
parameterization for all other parameters. Only the valence band structure at the Γ
point is affected by our choice of Δ/3. We compared the k · p dispersions for all sets of
Luttinger parameters to our calculated tight-binding band structure (not shown). The
Luttinger parameters of Willatzen et al. were the ones that were closest to the TB valence
band structure along all three high symmetry directions as shown in Fig. 10.4. This is the
reason why we use Willatzen’s parameters in the following although we do not claim that
this is the ‘best’ choice. Their parameters have been derived within the framework of
density-functional theory (local density approximation, self-consistent scalar-relativistic
linear muffin-tin-orbital method). Having established our set of Luttinger parameters we
are now prepared to analyze diamond heterostructures in general or diamond surfaces
as a function of substrate orientation in the next section.
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Figure 10.2.: 6×6 k·p valence band energy dispersion along the [110] and [100] directions
for different sets of Luttinger parameters.
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Figure 10.3.: Same as Fig. 10.2 but along the [111] and [100] directions.

10.2. Results: Influence of substrate orientation on the density
of a two-dimensional hole gas in diamond

In this section we investigate the density of a two-dimensional hole gas (2DHG) in
diamond for different substrate orientations at room temperature. Our model system
consists of diamond where the 2DHG is induced by a constant surface charge density. In
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Figure 10.4.: Energy dispersion along the high symmetry directions [100] (black), [110]
(green), [111] (red) in k space calculated by the tight-binding (TB) method
(solid lines). For comparison the results obtained by diagonalizing the
bulk 6 × 6 k · p Hamiltonian for each k vector is shown for the Luttinger
parameters of Willatzen et al. (dotted lines).

real samples the 2DHG is induced by the hydrogen termination of the diamond surface.
This results in a negative electron affinity of about χ = −1 eV which causes p-type surface
conductivity (surface conducting diamond). The hydrogen at the diamond surface has
another effect, namely that the surface gets hydrophobic. This will be the topic of the
next section. In this section we solve the 6× 6 k · p Schrödinger–Poisson equation self-
consistently for (100), (110) and (111) substrate orientations. As boundary conditions
we used a negative interface charge density of σ = −5 ·1013 cm−2 at the diamond surface
in order to induce a 2DHG, and a flat band boundary condition in the bulk diamond, i.e.
zero electric field far away from the interface. The doping concentration was assumed
to be n-type in the whole diamond (0.5 · 1018 cm−3, nitrogen with ionization energy
Eion

D = 1.7 eV).

Figure 10.5 shows our results. It can be clearly seen that the (111) substrate orienta-
tion (red dashed lines) has a higher density than the (100) orientation (black solid lines).
Even a higher density is obtained for the (110) orientation (blue dash-dotted lines). The
corresponding 2DHG sheet densities are σ110 = 5.8·1012 cm−2, σ111 = 4.5·1012 cm−2 and
σ100 = 3.0 · 1012 cm−2, respectively. The different results for each orientation are due to
the anisotropy of the valence band structure. It can also be seen from the sheet densities
that the interface charge σ is not completely canceled (screened) by the 2DHG sheet
charge density. Thus there is additional band bending further away from the 2DHG re-
gion and not a flat band. This also reveals the difference between the capacitance of an
ideal parallel plate capacitor and the ‘quantum capacitance’ [Lur88] of a two-dimensional
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Figure 10.5.: Hole densities and valence band edges (vb) of a two-dimensional hole gas
in diamond for various substrate orientations ((110) – blue dash-dotted
lines, (111) – red dashed lines, (100) – black solid lines). The single-band
results are independent of substrate orientation (gray dotted lines) because
isotropic masses are used. The Fermi level EF is indicated by the gray
dashed line.

electron or hole gas. We used the Luttinger parameters of Willatzen et al., motivated
by the discussion of the previous section. The parameters by Reggiani et al., Saslow et
al., van Haeringen et al. and van Vetchen et al. show a higher anisotropy (warping) in
terms of [111] vs. [100] directions leading to a slightly larger difference with respect to
the respective densities in this example (not shown). For comparison we also show the
single-band results (gray dotted lines) obtained with the parabolic and isotropic effective
masses by Rauch (mhh = 2.18m0, mlh = 0.70m0, mso = 1.06m0) where for each of the
three valence band edges the single-band Schrödinger equation was solved. In this case
the results are independent of substrate orientation. As these masses are much heavier
than the masses by Willatzen (see also Fig. 10.2 and Fig. 10.3), the density is larger
than for the k · p formalism. In fact, the single-band density is almost entirely due to
the occupation of the highest heavy hole ground state. Also for k · p along [110] only
the ground state contributes to the density. This is consistent as the mass along [110]
is much heavier than along the other directions (see Fig. 10.4). For [111] the ground
state and the first excited state contribute to the density because they have very similar
energies, whereas for [100] the ground state and the first two excited states contribute
to the density. The latter two excited states also have very similar energies. This can be
seen in Fig. 10.6 which shows the three uppermost eigenstates (square of the probability
amplitude shifted by its eigenenergy) for each substrate orientation at k‖ = 0. In fact
because of spin the six highest eigenstates are shown but the two spin states have the
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same energy and the same probability density at k‖ = 0. Only for [110] (blue dash-
dotted lines) the energy of the ground state lies above the Fermi energy (gray dashed
line), compare also with Fig. 10.10. The probability densities of the uppermost three
states have only one maximum for [100] (black solid lines) and [111] (red dashed lines)
directions, i.e. they are derived from the ground states of the heavy, light and split-off
hole but these are in fact mixed states. Only for [100] at k‖ = 0, the second state is
a pure heavy hole, and for [111] the ground state is 50% heavy and 50% light with no
contribution from split-off hole at k‖ = 0. All other states shown in this figure are
mixed states. For [110] the second excited state has one node. For all orientations our
calculations indicate that states with one node are not occupied (not shown). For con-
finement along [110] direction, the maximum of the probability density is much closer
to the surface. This will have influence on the capacitance of diamond biosensors as
the 2DHG density is then more sensitive to potential changes at the surface. In the
figure it looks as if only the first two states are plotted for [100] and [111] but in fact
three states are plotted for each. The reason is that for [100] the two excited states have
almost the same energy (separated by 4meV) and the same shape, whereas for [111] the
ground state and the first excited state have almost the same energy (also separated by
4meV) and the same shape (see also Fig. 10.10 where the energies are shown in more
detail). As the triangular-like confinement potential is very strong, the 2DHG is located
within the first few nanometers. This justifies to use a small quantum region of 10 nm
(nonuniform grid, 151 quantum grid points) with Dirichlet boundary conditions. The
k‖ = (kx, ky) space has been discretized on 41 × 41 = 1681 k points with a maximum

value of kmax = 0.18 Å−1 along the kx and ky directions.
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Figure 10.7.: k‖-resolved hole density distribution p(kx, ky) for (110) oriented diamond.
Here, kx is related to [100] and ky to [011] direction. The confinement
direction is parallel to [011]. The right part shows the horizontal and
vertical slice through the center.

Figure 10.8.: k‖-resolved hole density distribution p(kx, ky) for (111) oriented diamond.
Here, kx is related to [112] and ky to [110] direction. The confinement
direction is parallel to [111].

Figure 10.9.: k‖-resolved hole density distribution p(kx, ky) for (100) oriented diamond
Here, kx is related to [100] and ky to [010] direction. The confinement
direction is parallel to [001].
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Figure 10.7, Fig. 10.8 and Fig. 10.9 show the k‖-resolved hole density distribution
p(kx, ky) for (110), (111) and (100) oriented diamond, respectively. In these plots one
can see the amount that each k‖ point contributes to the density. The k‖ = (kx, ky) space
refers to the rotated coordinate system and thus the kx and ky direction are different
for each orientation (see figure captions). In all cases the growth direction is meant to
be along the z direction. The k‖-resolved hole density distribution for (100) oriented
diamond has to be symmetric with respect to kx and ky (Fig. 10.9). The k‖-resolved
hole density distribution for (111) looks symmetric with respect to kx and ky (Fig. 10.8).
A detailed analysis of the energy dispersion (see Fig. 10.10) reveals that the dispersion
along kx is in fact very similar to the one along ky (red dotted lines), thus justifying to
expect an almost symmetric k‖-resolved density. This is not the case for (110) oriented
diamond (Fig. 10.7). In this case the k‖-resolved hole density distribution is elongated
along the kx direction indicating that it is more favorable to occupy states along kx
rather than along ky. To understand this preference it is necessary to analyze the energy
dispersion of the occupied states. Figure 10.10 reveals that the energy dispersion of the
ground state h1 (blue dash-dotted line) has less curvature along the kx direction rather
than the ky direction. Consequently, this favors the occupation of the states along the
kx direction for increasing energy.
Finally, we show the calculated energy dispersions of the highest hole eigenstates for

each substrate orientation in Fig. 10.10. The energy scale is the same as for Fig. 10.6
which shows the eigenstates at k‖ = (kx, ky) = 0. Only for (110) oriented diamond the
ground state h1 lies above the Fermi level EF. The hole energy dispersion for (100)
oriented diamond is symmetric with respect to kx and ky whereas for (111) diamond
a slight asymmetry is present. (110) diamond shows a very pronounced asymmetry as
already discussed. Also the energies at k‖ = 0 and their contributions to the density
have already been discussed when analyzing the square of the probability amplitudes
(Fig. 10.6). At k‖ = 0 each state is twofold spin degenerate. Thus we labeled the
uppermost ‘three’ states with h1, h2 and h3 although there are actually six states.
The spin-splitting at nonzero k‖ is due to structural inversion asymmetry (SIA). The
triangular confinement potential induces SIA in contrast to bulk diamond which has a
center of inversion, i.e. no bulk inversion asymmetry (BIA) and no SIA. Only the spin-
splitting of the states h1 and h2 for (100) diamond is noticeable in this figure, in all
other cases it can hardly be recognized.
Our calculations reveal a lot of information in terms of energies, energy dispersions,

spatial extension and character of wave functions for each k‖ vector, as well as informa-
tion on subband densities or even k‖-resolved densities for each substrate orientation.
This information is useful in understanding and optimizing device designs, although we
emphasize that reliable band structure parameters are needed as input. Our analysis
is extremely useful when transitions between these hole subbands are involved, e.g. in
optical absorption experiments, as different orientations show a significantly different
energy spectrum, e.g. due to selection rules. However, for experiments where mainly the
density is involved, e.g. in capacitance–voltage measurements, only the total density is
relevant. Thus the contribution of the individual subband densities to the total density
is somehow irrelevant, i.e. the precise spectrum of the energy levels is not as important
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Figure 10.10.: Dispersion of the highest hole energy levels for (100), (110) and (111)
oriented diamond. Only for (110) oriented diamond (blue dash-dotted
lines) the ground state lies above the Fermi level. The kx and ky directions
are with respect to the rotated coordinate system and thus are different for
each orientation. (100) oriented diamond (black solid lines) is symmetric
with respect to kx and ky whereas (111) diamond (red dashed lines) shows
a slight asymmetry. (110) diamond shows a very pronounced asymmetry.

as for optical absorption experiments. Depending on the orientation either one or several
subbands are occupied but this is not vital as here merely the total density is relevant.

Neglecting any additional surface effects like surface relaxation or surface reconstruc-
tion, our calculations demonstrate that a (110) sample has a higher 2DHG sheet density
than a (111) sample, and that the latter has a higher sheet density than a (100) sample
with respect to the same boundary condition (negative interface charge). This is equiv-
alent to saying that the change in 2DHG sheet density of a (110) sample is larger with
respect to potential changes at the surface than for a (111) or for a (100) sample, i.e. a
(110) sample is more sensitive than (111) and (100) samples, and consequently better
suited for sensor devices. The change of 2DHG sheet density due to potential changes
will be discussed in more detail in the next section where the surface potential is varied
by changing the potential in an electrolyte.

10.3. Results: Hydrophobic interaction and charge
accumulation at the diamond–electrolyte interface

Biosensor and bioelectronic devices are still a matter of intensive research and their
commercial success has remained a challenge. Interfaces with water play a major role in
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these devices. Most biosensors are based on silicon where the silicon layer has a native
thin oxide layer between the silicon and the electrolyte. This is a similar arrangement
as in MOSFETs where the silicon layer is separated from the gate by an oxide which
acts as an insulator. Analogous to a plate capacitor, the potential-dependent charge
in the conductive channel of a field-effect transistor constitutes the capacitance of the
interface. Consequently, the influence of the oxide on the capacitance is well studied
in silicon. To increase silicon CMOS device performance the thickness of this oxide
layer has been reduced over the last decades, but also SiO2 has been replaced with
high-k dielectric materials like HfO2 with a large dielectric constant of εr = 26.1 (see
Fig. A.3). The dominance of silicon in biosensor applications is being challenged by new
materials like nitrides, graphene (see Chapter 9), carbon nanotubes or diamond due to
their better biocompatibility, chemical and electrochemical stability in electrolytes and
functionalization possibilities. The carbon based materials do not have a native oxide and
thus the two-dimensional carrier gas is very close to the electrolyte which acts as a gate.
One can thus assume that the sensitivity is higher than in silicon based devices. In most
biosensors the sensing signals are generated by potential changes across the interface
that modulate the concentration of the charge carriers, and thus the conductivity. We
will show in the following that the strong hydrophobic nature of the diamond interface
will reduce the sensitivity in comparison to hydrophilic interfaces. This is due to the
fact that the hydrophobicity of the surface leads to a depletion of water in the vicinity
of the surface. Therefore this hydrophobic ‘gap’ acts as a small insulating layer of very
low dielectric constant which influences the total capacitance, i.e. in this very narrow
region the dielectric constant drops from around εr = 78 to approximately εr = 1. An
additional effect that influences the capacitance is the position of the ion charges in the
electrolyte relative to the two-dimensional carrier gas. For hydrophobic interfaces the
ions are further away than for hydrophilic interfaces. These effects have been barely
discussed in the literature when explaining the operation of biosensor devices, but in
fact the hydrophobicity of a surface has a major effect on its interaction with water.
In the more commonly employed Si–SiO2 based biosensors such effects are negligible.
First, because their surface is hydrophilic, and secondly because the oxide acts as a
dielectric spacer between the charges in the solid and in the liquid. Thus any effects
of additional hydrophobic separation would be hardly noticeable. We note that organic
semiconductors also exhibit strong hydrophobicity. Due to the electrochemical stability
of the diamond surface, it is possible to bring it into an electrolyte solution and to apply
a potential between the electrically contacted diamond surface and a reference electrode
in the electrolyte. The potential across the diamond–electrolyte interface determines
the position of the band edges relative to the Fermi level at the diamond surface. If the
valence band edge is pushed close to or above the Fermi level, holes are accumulated and
form a two-dimensional hole gas at the diamond surface. Its charge carrier density is
determined by the position of the valence band edge relative to the Fermi level. Thus the
hole density at the diamond surface increases with applied voltage where the capacitance
of the interface determines the respective part of the voltage drop in the diamond and
in the electrolyte. In the following we will model this potential drop by calculating
the electrostatic potential distribution across the interface and its corresponding charge
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accumulation by solving the coupled system of the 6×6 k·p Schrödinger and the Poisson
equation self-consistently. The Schrödinger equation is solved only in the diamond but
the Poisson equation is solved in both the diamond region and in the electrolyte region.
The charge density consists of the density of all ions in the electrolyte and the hole density
in the diamond determined by the wave functions and the energy levels as obtained by
the Schrödinger equation. We use a Dirichlet boundary condition for the electrostatic
potential in the bulk electrolyte (φ(∞) = UG) and a Neumann boundary condition
(∂φ∂x = 0) in the bulk diamond at the left side. UG is the gate potential applied between
the reference electrode and the diamond contact. We will compare three different models,
the standard Poisson–Boltzmann (PB) approach and the extended Poisson–Boltzmann
approach assuming a hydrophobic or a hydrophilic interface. The latter two models
take into account a spatially varying dielectric constant εr(x) and the potential of mean
force (PMF) for the electrolyte ions (see Section 8.4), whereas the PB model assumes
a homogeneous dielectric constant of water (εr = 78) in the whole electrolyte region up
to the interface, and no PMFs. The electrolyte consists of 50mM NaCl. As we do not
have available the PMFs for the 10mM potassium based phosphate buffer ions (PBS,
see Subsection 8.3.5), we simply ignore the buffer ions in the following.
In the previous section we found differences among the three diamond substrate ori-

entations. Experiments on (110) diamond are difficult because (110) oriented diamond
samples are hardly available. While studying the electronic transport at the hydrogen-
terminated diamond–electrolyte interface, Lippert found experimentally that (111) dia-
mond is more sensitive than (100) diamond [Lip10]. This was qualitatively confirmed by
our diamond–electrolyte simulations (not shown) but the increase in sensitivity was not
as large as expected. Therefore we cannot fully explain the difference in experimental
results between (111) and (100) diamond. We thus believe that the increased sensitivity
of the (111) oriented diamond sensor cannot be explained only by the different hole
band structure along this direction. It seems reasonable that also the different atomic
arrangement at the surface has a significant effect, e.g. surface relaxation or surface
reconstruction, or that the (111) surface is slightly less hydrophobic than the (100) sur-
face. In the following we present our results on the calculations of diamond–electrolyte
interfaces where the diamond surface is oriented in the (100) plane.
In order to quantitatively understand the modulation of the 2DHG density by varying

the electrolyte potential, we have to analyze the charge distribution at the solid–liquid
interface in more detail. Figure 10.11 shows the calculated valence band edge energy
(black lines) of the hydrogen-terminated diamond–electrolyte interface for an applied
gate voltage UG = −0.2V. By adjusting the gate potential applied between the reference
electrode in the electrolyte and a contact on the diamond, one can shift the valence
band edge with respect to the Fermi level. This modifies the confinement potential of
the resulting triangular well, and thus also the positive charge density (blue lines) of
the two-dimensional hole gas in the diamond, leading to a band bending at the surface.
The hole density is mirrored by the corresponding total ion charge density (net negative
charge) in the electrolyte indicated in red. The results of the Poisson–Boltzmann (PB)
calculation are shown in dotted lines whereas the results obtained with our new extended
Poisson–Boltzmann model that takes into account the hydrophobic interface are shown
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Figure 10.11.: Calculated valence band edge energy (black lines) of the hydrogen-
terminated diamond–electrolyte interface for an applied gate voltage
UG = −0.2V. By adjusting the gate potential applied between the refer-
ence electrode in the electrolyte and a contact on the diamond, one can
shift the valence band edge with respect to the Fermi level (EF = 0 eV
in diamond). This modifies the confinement potential of the resulting
triangular well, and thus also the positive charge density (blue lines) of
the 2DHG in the diamond, leading to a band bending at the surface.
The hole density is mirrored by the corresponding total ion charge den-
sity (net negative charge) in the electrolyte (red lines). The results of
the Poisson–Boltzmann calculation are shown in dotted lines whereas the
results obtained with our new extended Poisson–Boltzmann model that
takes into account the hydrophobic interface are shown in solid lines. The
arrow indicates the region of low water density (hydrophobic region).

in solid lines. The arrow indicates the region of low water density (hydrophobic region)
which has a width of approximately 0.3 nm. The same situation is shown in Fig. 10.12.
In the left part the three highest eigenstates (square of the probability amplitude shifted
by its eigenenergy) at k‖ = 0 are shown for both the hydrophobic (red solid lines)
and the standard PB approach (blue dotted lines). In fact, at k‖ = 0 the states are
twofold degenerate due to spin, so essentially six states are shown. In the right part
the distribution of the Cl– and the Na+ ions is shown for both models. In the bulk
electrolyte both ions reach their equilibrium concentration of 50mM. The potential of
mean force (PMF) for the Na+ ions causes the local maximum in the Na+ ion density
profile. For the PB model both the 2DHG and the Cl– ions are closer to the interface.
In this case also higher densities are present on both sides (compare with Fig. 10.11). In
the diamond part, this is achieved by moving the energy levels closer to the Fermi level.
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Figure 10.12.: Calculated valence band edge energy (black lines) for an applied gate
voltage UG = −0.2V, i.e. same situation as in Fig. 10.11. The arrow
indicates the region of low water density (hydrophobic region). In the left
part the three highest eigenstates (square of the probability amplitude
shifted by its eigenenergy) at k‖ = 0 are shown for both the hydrophobic
(red solid lines) and the standard Poisson–Boltzmann (PB) approach (blue
dotted lines). In the right part the distribution of the Na+ and Cl– ions is
shown for both models (solid lines: extended PB model with hydrophobic
interface, dotted lines: PB calculation).

As already shown in Fig. 10.6 of the previous section, the second and the third eigenstate
have almost the same energy (also separated by 4meV for both the hydrophobic and
the PB model) and the same shape for (100) oriented diamond. This is however difficult
to see in this figure. The 2DHG sheet charge density for the hydrophobic model is
σ = 3.8 · 1012 cm−2 and for the PB model σ = 10 · 1012 cm−2.

Figure 10.13 shows the calculated electrostatic potential and valence band edge energy
(black lines) for an applied gate voltage UG = −0.2V, i.e. same situation as in previous
figures. Again, the results of the Poisson–Boltzmann (PB) calculation are shown in dot-
ted lines, whereas the results obtained with our new extended Poisson–Boltzmann model
that takes into account the hydrophobic interface are shown in solid lines. The applied
gate voltage UG in the electrolyte cannot be directly related to the electrostatic potential
in the diamond because part of the applied voltage drops in the electrolyte region close
to the interface. The electrostatic potential distribution reveals the potential drop across
the diamond–electrolyte interface. We found that there is a striking difference between
the two models. The arrow indicates the large potential drop in the electrolyte region for
the hydrophobic model (red solid lines). The potential drop in the electrolyte for the PB
model (blue dotted lines) is much smaller because here the ions are allowed to approach
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Figure 10.13.: Calculated electrostatic potential and valence band edge (black lines) of
the hydrogen-terminated diamond–electrolyte interface for an applied gate
voltage UG = −0.2V, i.e. same situation as in previous figures. The
arrow indicates the large potential drop in the electrolyte region for the
hydrophobic model (red solid lines). The potential drop in the electrolyte
for the standard Poisson–Boltzmann model (blue dotted lines) is much
smaller. Consequently, the surface potential at the interface has almost
the same value as the applied potential (solid lines: extended PB model
with hydrophobic interface, dotted lines: PB calculation).

the interface infinitely close and additionally, the dielectric constant of water is very high
even close to the surface. Both effects minimize the potential drop in the electrolyte.
Consequently, the surface potential at the interface has almost the same value as the
applied potential. In the latter case, most of the potential drop occurs in the diamond,
whereas for the extended Poisson–Boltzmann model most of the potential drop happens
in the hydrophobic ‘gap’ region where the ion concentration and the water density is
very low. Recall that for the PB model the dielectric constant has a value of εr = 78 up
to the interface, whereas the extended PB model assumes a dielectric constant of εr = 1
in the hydrophobic ‘gap’ where no ions are present. Consequently, this potential drop
is very similar to the drop in the insulator region of a metal–insulator–semiconductor
structure (see Appendix A). As a result, the valence band edge for the hydrophobic
model is closer to the Fermi level resulting in a lower 2DHG density.

The experimental carrier concentrations [Lip10] for different gate potentials from in-
liquid Hall effect measurements and the simulated results obtained with our k ·p calcula-
tions are compared in Fig. 10.14. The experimental data sets (symbols) for several (100)
diamond samples are normalized with respect to their threshold voltage. Above the
threshold voltage all of them show a nearly linear increase of the carrier concentration
with the gate potential UG. The slope of the experimental data points is almost the same
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Figure 10.14.: Comparison of the experimentally obtained carrier concentrations for dif-
ferent gate potentials with our k · p calculations. The experimental data
sets (symbols) for several (100) diamond samples are normalized with re-
spect to their threshold voltage. The extended Poisson–Boltzmann model
for the hydrophobic interface (black solid line), the hydrophilic interface
(red dashed line) and the conventional Poisson–Boltzmann model (blue
dash-dotted line) are compared. Results of the extended PB model for
the hydrophobic case when a shift of the water density of ±0.05 nm is
considered are additionally shown (dash-dot-dot and dot).

for all samples. From the slope one can determine the interfacial capacitance to be about
2 μF/cm2, see Fig. 10.15. This value is in agreement with results obtained from cyclic
voltammetry and impedance spectroscopy [GNHS08]. The extended Poisson–Boltzmann
model for the hydrophobic interface (black solid line), the hydrophilic interface (red
dashed line) and the conventional Poisson–Boltzmann model (blue dash-dotted line) are
compared. The agreement between the hydrophobic extended PB model and the slope
of the experimental data is remarkable. We note that the hydrophobic model employed
in our work is based on molecular dynamics simulations, see Section 8.4. In order to
test the influence of the size of the water-depleted region, we have shifted the water den-
sity profile by a tiny amount of ±0.05 nm with respect to the surface. This is a typical
variation for different hydrophobic surfaces. These calculations (dash-dot-dot and dot)
show that our assumed water density profile works surprisingly well. We also found that
shifting the PMFs by this amount has only negligible influence (not shown).

Figure 10.15 shows the calculated capacitance–voltage characteristics of the extended
Poisson–Boltzmann model for the hydrophobic interface (black solid line). Results of
the extended Poisson–Boltzmann model for the hydrophobic case when a shift of the

184

10.3. Results: Hydrophobic interaction at the diamond–electrolyte interface

0.4 0.2 0.0 -0.2 -0.4 -0.6 -0.8
0

1

2

3

 hydrophobic -0.05 nm
 hydrophobic
 hydrophobic +0.05 nm

UG (V)

 

��
��

��
��
��

�	

�
�

��

� �

Figure 10.15.: Calculated capacitance–voltage characteristics of the extended Poisson–
Boltzmann model for the hydrophobic interface (black solid line). Results
of the extended Poisson–Boltzmann model for the hydrophobic case when
a shift of the water density of ±0.05 nm is considered are additionally
shown (dash-dot-dot and dot).

water density of ±0.05 nm is considered are additionally shown (dash-dot-dot and dot).
The capacitance values of around 2 μF/cm2 are of similar magnitude than for graphene
based biosensors (see Fig. 9.12). The conventional PB model clearly overestimates the
capacitance of (100) oriented hydrogen-terminated diamond biosensors because it does
not take into account the depletion of water and ions. The hydrophilic model, however,
takes into account PMFs for the ions and a spatially varying water density. It is inter-
esting to see that both the PB and the extended PB model for a hydrophilic interface
lead to similar capacitances (around 7 μF/cm2, not shown). In the latter case the PMFs
and the water density profile for a hydrophilic interface were used rather than the ones
for a hydrophobic interface. In the hydrophilic case, both the ions and the water can
approach the surface closer but still not as close and not with such a high density as with
the PB model. The shortcomings of the PB model are less pronounced for hydrophilic
surfaces such as the Si–SiO2–electrolyte interface, investigated in Chapter 7.
In conclusion we have demonstrated that the hole accumulation at the hydrogen-

terminated diamond–electrolyte interface can therefore be simulated to great accuracy
with the extended Poisson–Boltzmann model where the hydrophobic character of the
surface is explicitly taken into consideration. Hydrophobicity limits the approach of
electrolyte ions to the surface and therefore increases the potential drop in the elec-
trolyte. This reduces the effective potential at the semiconductor surface. Consequently,
the sensitivity of potentiometric biosensor devices which depend on the variation of the
number of charge carriers with potential change is profoundly affected by the modifica-
tion of the interfacial capacitance for any hydrophobic surface.
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A. Metal–insulator–semiconductor
structures

Based on the previous work of Ref. [Hac02], we are describing here in little more detail
the modeling of metal-insulator-semiconductor (MIS) contacts that are very important
for MOSFET simulations. They are also termed MOS (metal–oxide–semiconductor)
contacts. A very good review about MOS structures can be found in [Sze81]. In this
work we are treating a MIS contact as a Schottky contact by specifying an appropriate
Schottky barrier.
When a metal is in contact with a semiconductor, a potential barrier is formed at the

metal–semiconductor interface. In 1938, Walter Schottky suggested that this potential
barrier arises due to stable space charges in the semiconductor [Sch38]. At thermal
equilibrium, the Fermi levels of the metal and the semiconductor must coincide. There
are two limiting cases:

• Ideal Schottky barrier

In a metal–n-type semiconductor structure, the barrier height φB is the difference
of the metal work function φm and the electron affinity χs of the semiconductor

eφB = e (φm − χs) , (A.1)

where e is the positive elementary charge.
In a metal–p-type semiconductor structure, the barrier height φB,p is given by

−eφB,p = e (φm − χs)− Egap, (A.2)

where Egap is the band gap energy.

• Fermi level pinning

If surface states on the semiconductor surface are present, then the barrier height
φB is determined by the property of the semiconductor surface and is independent
of the metal work function φm. The conduction band edge is then pinned at eφB
above the Fermi level.

The Schottky barrier model of nextnano3 is implemented as a Fermi level pinning,
where we assume that the conduction band edge Ec is pinned with respect to the Fermi
level EF due to surface states (interface states). Thus the barrier height is independent
of the metal work function and is entirely determined by the surface states. Although it
is not possible to automatically take into account the work function of the metal, we will
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show in the following how the Schottky barrier height is related to the work functions of
the metal and the semiconductor, and to the electron affinities of the insulator and the
semiconductor. The barrier height can thus be adjusted manually to take into account
the dependence on electron affinities, doping concentrations or surface charge. For a
Schottky contact, only the barrier height φB and the applied voltage are needed as input
parameters.

Figure A.1 shows the calculated conduction band edge profile of a Schottky contact
at a metal–semiconductor interface at zero gate bias (VGS = 0V). In this example,
the semiconductor is GaAs with an n-type doping concentration of 1018 cm−3 (fully
ionized) at T = 300K and a Schottky barrier height of φB = 0.53V (solid line). If the
semiconductor is doped, the conduction and valence band edges are shifted with respect
to the Fermi level, and thus depend on doping. This is a bulk property and independent
of surface effects, such as an ohmic contact or a Schottky barrier height (see right
boundary of Fig. A.1). At the left boundary, however, the band profile is affected by the
type of contact. For comparison, the dotted line shows the calculated conduction band
profile for a Schottky barrier of φB = 0V. The dashed line shows the conduction band
edge profile for an ohmic contact where one assumes Neumann boundary conditions in
the Poisson equation (eq. (1.1)), i.e. the derivate of the electrostatic potential ∂φ

∂x =
−Fx = 0. The latter is the flat band condition, i.e. zero slope for the electrostatic
potential, which is equivalent to a vanishing electric field F. Note that a Schottky
barrier of φB = 0V is not equivalent to an ohmic contact. A Schottky barrier is a
Dirichlet boundary condition for the electrostatic potential, thus fixing the value of the
conduction band edge at the surface with respect to the Fermi level. This is because the
semiconductor band edge energies at the metal–semiconductor interface are in a definite
energy relationship with the Fermi level of the metal

Ec − EF = eφB. (A.3)

In this particular example, an artificial Schottky barrier of φB = −0.042V would be
equivalent to an ohmic contact, but only for the same temperature and the same doping
concentration.

Instead of specifying a Schottky barrier φB, one can alternatively specify an interface
charge density of the surface states at the metal–semiconductor interface. A fixed inter-
face sheet charge density of σ = −4.434 · 10−3As/m2 (corresponding to a sheet charge
carrier concentration of −2.768 · 1012 cm−2) leads to exactly the same conduction band
edge profile (not shown) as for φB = 0.53V in Fig. A.1. In this case, the interface charge
density corresponds to a Neumann boundary condition for the electrostatic potential
with a fixed, nonzero slope, i.e. a nonzero electric field at the boundary (∂φ∂x = −Fx �= 0).
The electric field Fx is related to the sheet charge density

Fx =
σ

ε0εr
, (A.4)

where ε0 is the vacuum permittivity and εr is the static dielectric constant of the semi-
conductor. In this example (εr = 12.93 for GaAs), the electric field at the surface is
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Figure A.1.: Calculated conduction band profile of a Schottky contact at a metal–
semiconductor interface (n-type GaAs). The Schottky contact is completely
specified by the Schottky barrier height φB = 0.53V (solid line). The con-
duction band edge Ec is pinned with respect to the Fermi level EF = 0 eV
(dash-dotted line) due to surface states. For comparison, the dotted line
shows the calculated conduction band profile for φB = 0V. The dashed line
shows the conduction band profile for an ohmic contact where one assumes
a flat band boundary condition for the electrostatic potential.

387 kV/cm. Numerically, within the nextnano3 software the interface sheet charge den-
sity is converted into a volume charge density and enters the Poisson equation as a fixed
charge density (eq. (1.2)).
In the engineering literature for MOS structures two values are important. The work

function of the metal φm and the work function of the semiconductor φs. The work
function φm is the energy that is needed to move an electron at the Fermi level EF,m of
the metal to the vacuum level Evac

eφm = Evac − EF,m. (A.5)

For the semiconductor the work function reads analogously

eφs = Evac − EF,s, (A.6)

where the work function depends on the doping properties. Another quantity that has
to be defined is the electron affinity which describes the energy difference between the
vacuum level and the conduction band edge. The electron affinity of the insulator is
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Figure A.2.: Band diagram of a MIS structure which is not in thermal equilibrium. φm
is the work function of the metal, φs of the semiconductor, χi is the electron
affinity of the insulator, χs of the semiconductor, EF,m is the Fermi level
of the metal, EF,s of the semiconductor, Ec is the conduction band edge
of the semiconductor and ΔEc is the conduction band discontinuity at the
interface between the insulator and the semiconductor.

labeled by χi, the one of the semiconductor by χs. These quantities are depicted in
Fig. A.2 for a MIS structure that is not in thermal equilibrium. Once the MIS structure
is in thermal equilibrium, space charges are created that lead to a built-in potential.
Thus the vacuum energy is shifted accordingly, resulting in a constant Fermi level of
the whole device. This is shown in Fig. A.3 where the Poisson equation has been solved
in the insulator–semiconductor region of a metal–SiO2–Si structure at T = 300K. The
silicon layer is p-type doped with boron with a concentration of 3 · 1017 cm−3. For the
Schottky contact the barrier height φB reads

φB = φm − χi. (A.7)

Furthermore it holds for the conduction band discontinuity ΔEc at the interface between
the insulator and the semiconductor

ΔEc + eχi = eχs. (A.8)

Thus it follows
eφB = eφm − eχs +ΔEc, (A.9)

which can be written in terms of the difference of the work functions

eφB = e (φm − φs) + (Ec − EF,s) + ΔEc. (A.10)
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Figure A.3.: Band diagram of a MOS structure in thermal equilibrium. Technically,
one can assume a Schottky barrier of height eφB = eφm − eχs + ΔEc as
the boundary condition. Due to the built-in potential the vacuum energy
is bent (only shown for the case of the 3 nm SiO2 layer (solid line)). For
comparison, the conduction and valence band edges for a 1 nm SiO2 gate
dielectric (dash-dotted line), and for a 3 nm high-k gate dielectric (HfO2,
εr = 26.1, dotted line) are included.

In this equation both φs and Ec − EF,s depend on the doping of the semiconductor,
whereas in eq. (A.9) only doping independent material parameters are used. Thus it
is sufficient to know the work function φm of the metal, the electron affinity χs of the
semiconductor and the conduction band offset ΔEc between the insulator and the semi-
conductor in order to determine the appropriate Schottky barrier boundary condition.

In Fig. A.3, a Schottky barrier height of φB = 3.2V has been used. The conduction
and valence band edges for a 1 nm SiO2 gate dielectric (dash-dotted line), and for a 3 nm
high-k gate dielectric (HfO2, εr = 26.1, dotted line) are shown for comparison. Reducing
the oxide thickness or increasing the dielectric constant of the oxide has a similar effect on
the conduction band edge profile, and thus on the charge carrier density. For simplicity,
and in order to better demonstrate the influence of the large dielectric constant of HfO2,
all other parameters were taken to be the ones of SiO2. Nowadays, a lot of effort is put
into the optimization of metal–SiO2–Si or metal–HfO2–Si contacts in order to continue
the down-scaling of CMOS transistors.
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B. Temperature dependent material
parameters

I have implemented temperature dependent material parameters into the nextnano3

software only if reasonable interpolation formulas were available. This is currently the
case for lattice constants, band gaps and band gap dependent k · p parameters.

B.1. Temperature dependent lattice constants

The lattice constants that are given in the database are only relevant for the strain cal-
culations, although there are some exceptions to this rule for very specialized features
like the calculation of alloy scattering. They vary with temperature and correspond-
ing coefficients b (in units of nm/K) for the most important semiconductor materials
are available. The lattice constant in the database is given for 300K. For all other
temperatures T (in units of K), the lattice constant a is calculated by

a = a300K + b(T − 300K). (B.1)

The parameters for the temperature dependent lattice constants in the database were
taken from Ref. [VMRM01]. For cubic crystals, the lattice constant is specified by a, in
wurtzite two lattice constants are required, namely a in the plane perpendicular to the
[0001] axis, and c parallel to the [0001] axis. Unfortunately, no expansion coefficients
for nitrides are given in Ref. [VMRM01] and Ref. [VM03]. For these materials more
complicated formulas are necessary. They take into account that, for instance, AlN has
a negative expansion coefficient below 100K.

B.2. Temperature dependent band gaps

In a bulk semiconductor, both direct (Γ) and indirect band gaps (L, X) depend on
temperature. The variation between 0K and 300K is of the order 0.1 eV and must be
considered in realistic simulations. Most common is the empirical Varshni formula where
the functional form is fitted to

Ei
gap (T ) = Ei,0K

gap − αiT 2

T + βi
, (B.2)

where α and β are the Varshni parameters given in the database for each material
and for each band gap (i = Γ,L,X). In the literature several different combinations
of Varshni parameters exist for each material depending on which temperature range
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should be fitted most accurately. The Varshni parameters in the database were taken
from Ref. [VMRM01].
Experimentally, one only knows the temperature dependence of the band gap but

unfortunately not the corresponding individual shifts of the valence and conduction band
edge energies. Within the nextnano3 program, the valence and conduction band edges
are defined for all materials on a global scale [VdW89]. For simplicity, we assume that for
all materials the valence band edges are independent of temperature. Consequently, also
the valence band offsets are independent of temperature. It follows that the temperature
dependence of the band gap only affects the conduction band edge energies Ei

c(T ). This
implies that only the conduction band offsets are temperature dependent. However, this
is not entirely correct as in reality also the valence band offsets depend on temperature,
although not as much as the conduction band offsets. Optionally, one can manually
adjust the conduction and valence band offsets if more reliable experimental data is
available.
For a ternary alloy AxB1−x composed of two binary materials A and B, the Varshni

parameters are not interpolated linearly. Instead, the following procedure is applied.
First, the average valence band edge energy Ev,av (see Fig. 3.1) of the ternary is calcu-
lated according to eq. (B.3) taking into account a possible bowing of the valence band
offset. Then the temperature independent valence band edges of the ternary are calcu-
lated using the split-off energy Δso of the ternary, where a possible bowing of Δso has
been taken care of. Then for each binary, the temperature dependent band gaps at Γ, L
and X are calculated using the respective Varshni parameters. The next step is to calcu-
late the band gaps of the ternary from the binary band gaps including bowing. Finally,
the temperature dependent conduction band edge energies of the ternary are obtained by
adding the band gap energies of the ternary to the value of the topmost valence band
edge energy of the ternary.
The equation for interpolating a material parameter M is given by

MAxB1−x = xMA + (1− x)MB − x(1− x)C, (B.3)

where MAxB1−x is the resulting material parameter of the ternary alloy and x is the
alloy composition. C is the bowing parameter. It accounts for deviations of the linear
interpolation (virtual-crystal approximation) by introducing a quadratic term. Occa-
sionally, the last term is written with the opposite sign. Then the sign of C has to be
adjusted accordingly. The linear interpolation of the lattice constants is called Vegard’s
law. Interpolation formulas for quaternary materials are discussed in Ref. [Zib07] and
Ref. [VMRM01].
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B.3. Temperature dependent k · p parameters

The following 8 × 8 k · p parameters are temperature dependent because they depend
on the band gap Egap at the Γ point.

Zinc blende

• S (eq. (3.62))

• the modified DKK parameters L′, N+′, N ′ (eq. (3.101), eq. (3.103), eq. (3.105))

• the modified Luttinger parameters γ′1, γ′2, γ′3, κ′ (eq. (3.118), eq. (3.119), eq. (3.120),
eq. (3.121))

• the modified Foreman parameter σ′ (eq. (3.126))

• F ′ (eq. (3.122))

• If the k · p parameters are rescaled, also the Kane parameter EP (eq. (3.158) or
eq. (3.159), respectively) is affected, and consequently also the Kane momentum
matrix element P (eq. (3.79)).

Wurtzite

• S1, S2 (eq. (3.63), eq. (3.64))

• the modified DKK parameters L′
1, L

′
2, N

+′
1 , N+′

2 , N ′
1, N

′
2 (eq. (3.106), eq. (3.107),

eq. (3.108), eq. (3.109), eq. (3.110), eq. (3.111))

• the modified RSP parametersA′
1, A

′
3, A

′
4, A

′
5, A

′
6 (eq. (3.112), eq. (3.114), eq. (3.115),

eq. (3.116), eq. (3.117))

• the modified Foreman parameters σ′, σ′z, σ′xz (eq. (3.42))

• If the k·p parameters are rescaled, also the Kane parameters EP1 and EP2 (eq. (3.63),
eq. (3.64)) are affected, and consequently also the Kane momentum matrix ele-
ments P1 and P2 (eq. (3.81), eq. (3.82)).
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C. Analytical equations for biaxial strain for
arbitrary substrate orientations

Here, we list analytical equations for the strain tensor of cubic crystals. They are
valid for heterostructures that are homogeneous along two directions, and for arbitrary
substrate orientations. First, we present the results of our derivation of the equations
for the simulation coordinate system [PGBD+11], then we list the results for the crystal
coordinate system.

C.1. Simulation coordinate system

The strain tensor components ε′ij in the simulation coordinate system basis a = (a, b, c)
for arbitrary substrate orientation indicated by the Miller index (hkl) are given by

ε′ =

⎛
⎝ 1 0 DM

1

0 1 DM
2

DM
1 DM

2 −DM
0

⎞
⎠ ε′‖, (C.1)

where DM
0 = −ε′cc/ε′aa = −ε′⊥/ε′‖ is the biaxial Poisson ratio (notated DM by Van

de Walle [VdW89]). Here, the substrate is oriented parallel to the (a, b) plane, and
the growth direction is the c axis perpendicular to it. We define DM

1 = ε′ca/ε′aa and
DM

2 = ε′bc/ε
′
aa as the shear-to-biaxial strain ratios. Finally, the strain tensor components

read

ε′aa = ε′bb = ε′‖ =
asubstrate − alayer

alayer
(C.2)

ε′ab = ε′ba = 0 (C.3)

ε′ac = ε′ca =
λμ− ηω

λκ− η2
ε′‖ = DM

1 ε
′
‖ (C.4)

ε′bc = ε′cb =
ω − ηDM

1

λ
ε′‖ = DM

2 ε
′
‖ (C.5)

ε′cc = ε′⊥ =
α− 2C ′

34D
M
2 − 2C ′

35D
M
1

C ′
33

ε′‖ = −DM
0 ε

′
‖, (C.6)
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where the denominators in eq. (C.4), eq. (C.5) and eq. (C.6) are always nonzero and

α = − (
C ′
13 + C ′

23

)
(C.7)

β = − (
C ′
14 + C ′

24

)
(C.8)

γ = − (
C ′
15 + C ′

25

)
(C.9)

λ = 2C ′
33C

′
44 (C.10)

κ = 2C ′
33C

′
55 (C.11)

η = 2
(
C ′
33C

′
45 − C ′

34C
′
35

)
(C.12)

ω = C ′
33β − C ′

34α (C.13)

μ = C ′
33γ − C ′

35α. (C.14)

The coefficients α, β, and γ are first order, whereas the coefficients λ, κ, η, ω and
μ are second order in the elastic stiffness tensor components C ′

ij . The 6 × 6 matrix
C ′
ij contains the elastic constants in the Voigt notation with respect to the simulation

coordinate system basis a. It is obtained by rotating the forth-rank elastic stiffness
tensor Cijkl from the crystal coordinate system basis x = (x, y, z) to the simulation
coordinate system basis a

C ′
mnop = RM

miR
M
njR

M
okR

M
pl Cijkl, (C.15)

where RM is the rotation matrix defined as

a = RMx. (C.16)

The rotated forth-rank tensor C ′
mnop has to be mapped into the contracted C ′

ij Voigt
notation that has more nonzero entries as compared to Cij . The strain tensor ε′ can be
rotated into the crystal coordinate system basis using

ε =
(
RM

)−1
ε′RM . (C.17)
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C.2. Crystal coordinate system

The strain tensor components εij in the crystal coordinate system x = (x, y, z) for
arbitrary substrate orientation (hkl) are obtained by symmetrizing the components ũij
of the distortion tensor (see eq. (1.8)). The distortion tensor ũ is identical to the strain
tensor for high symmetry orientations like (001), (110) and (111) but in general it is
nonsymmetric for low symmetry substrate orientations and given by [JaM, And09]

ũ =

⎛
⎝ u0 0 0

0 u0 0
0 0 u0

⎞
⎠+D

⎛
⎝ n21D1 n1n2D1 n1n3D1

n2n1D2 n22D2 n2n3D2

n3n1D3 n3n2D3 n23D3

⎞
⎠ , (C.18)

where n1, n2 and n3 are the components of the normalized vector ĉ along the growth
direction [hkl]

ĉ =

⎛
⎝ n1

n2
n3

⎞
⎠ =

1√
h2 + k2 + l2

⎛
⎝ h

k
l

⎞
⎠ . (C.19)

The lattice mismatch is defined as

u0 =
asubstrate − alayer

alayer
, (C.20)

and the other variables are given by

D =
−u0 (C11 + 2C12)

DxDyDz + (C12 + C44)
(
n21D1 + n22D2 + n23D3

) (C.21)

D1 = DyDz (C.22)

D2 = DzDx (C.23)

D3 = DxDy (C.24)

Dx = (C11 − C12 − C44)n
2
1 + C44

(
n22 + n23

)
(C.25)

Dy = (C11 − C12 − C44)n
2
2 + C44

(
n23 + n21

)
(C.26)

Dz = (C11 − C12 − C44)n
2
3 + C44

(
n21 + n22

)
. (C.27)

To rotate the strain tensor ε into the simulation coordinate system basis, use

ε′ = RM ε
(
RM

)−1
. (C.28)

199



List of Figures

1.1. Doping: Carrier concentrations in n-type doped Ge vs. temperature . . . 8
1.2. Electron concentration in compensated semiconductors vs. temperature . 9
1.3. Electron concentration for two donor levels and one acceptor level . . . . 10
1.4. Position of Fermi level with respect to band gap vs. temperature . . . . . 10
1.5. Strain tensor vs. growth direction (crystal coordinate system) . . . . . . . 12
1.6. Strain tensor vs. growth direction (simulation coordinate system) . . . . . 13

2.1. Miniband dispersion in GaAs with periodic boundary conditions . . . . . 20
2.2. Stationary Bloch states in GaAs with periodic boundary conditions . . . . 21
2.3. [100] heavy hole energy dispersion of cubic Ge–Si QD crystal . . . . . . . 23
2.4. [110] and [111] heavy hole energy dispersion of cubic Ge–Si QD crystal . . 24
2.5. [100] heavy hole energy dispersion of tetragonal Ge–Si QD crystal . . . . 25
2.6. [110] and [111] heavy hole energy dispersion of tetragonal Ge–Si QD crystal 26
2.7. Magnetic field: Fock–Darwin spectrum . . . . . . . . . . . . . . . . . . . . 28
2.8. Band profile and probability densities of a coupled quantum wire . . . . . 30
2.9. Energy spectrum of a coupled quantum wire vs. magnetic field . . . . . . 31

3.1. Conduction and valence band alignment in a zinc blende semiconductor . 49
3.2. Spurious Solution: Probability density of a square InAs nanowire . . . . . 58
3.3. Probability density of the first excited state of a square InAs nanowire . . 58
3.4. Probability densities of a single, double and triple quantum well . . . . . 60
3.5. Probability densities of a SiGe–Si quantum cascade structure . . . . . . . 62
3.6. Hole energy levels of a spherical quantum dot (k · p) . . . . . . . . . . . . 63
3.7. Hole energy levels of a spherical quantum dot (single-band) . . . . . . . . 64
3.8. Probability densities of a HgTe quantum well (k · p) . . . . . . . . . . . . 66
3.9. Probability densities of a HgTe quantum well (tight-binding) . . . . . . . 67
3.10. Energy levels of a HgTe quantum well vs. quantum well width . . . . . . . 67
3.11. Energy dispersion of bulk InAs (k · p vs. tight-binding) . . . . . . . . . . 69
3.12. In-plane energy dispersion of tensilely strained InAs (k ·p vs. tight-binding) 70
3.13. Out-of-plane energy dispersion of strained InAs (k · p vs. tight-binding) . 71
3.14. Energy dispersion of a strained InAs–GaSb superlattice (k · p) . . . . . . 72
3.15. Energy dispersion of a strained InAs–GaSb superlattice (tight-binding) . . 72
3.16. Energy dispersion of a strained InAs–GaSb superlattice (k · p, B �= 0) . . 74
3.17. Energy dispersion of a strained InAs–GaSb superlattice (B �= 0, B = 0) . 74

4.1. CBR: Transmission coefficient T (E) for double barrier structures . . . . . 86
4.2. Local density of states of a double barrier structure . . . . . . . . . . . . . 87

201



List of Figures

4.3. Density of states of a double barrier structure . . . . . . . . . . . . . . . . 88
4.4. T (E) of a double barrier structure (incomplete set of eigenstates) . . . . . 89
4.5. Band profile and probability density of a 2D device . . . . . . . . . . . . . 92
4.6. Transmission coefficient of a 2D device (incomplete set of eigenstates) . . 93
4.7. Band profile and lead modes of a 2D device . . . . . . . . . . . . . . . . . 94
4.8. Sketch of a 3D nanowire with two leads . . . . . . . . . . . . . . . . . . . 94
4.9. Transmission coefficient of a 3D nanowire (incomplete set of eigenstates) . 95
4.10. Transmission coefficient and lead modes of a 3D nanowire . . . . . . . . . 96
4.11. Transmission coefficient and density of states of a 3D nanowire . . . . . . 96
4.12. Self-consistent CBR: Band profile and density of symmetric nin–structure 107
4.13. Band profile and density of asymmetric n+in–structure . . . . . . . . . . 107
4.14. Electron densities due to left and right leads of the n+in–structure . . . . 108
4.15. Local density of states at the contacts of an asymmetric n+in–structure . 109
4.16. Current–voltage characteristics of the nin–structures . . . . . . . . . . . . 110

5.1. Mobility: Band profile and eigenstates of a modulation doped InSb QW . 114
5.2. Electron mobility of InSb quantum well vs. temperature . . . . . . . . . . 115
5.3. Band profile and eigenstates of a modulation doped AlGaAs–GaAs QW . 116
5.4. Electron mobility of GaAs 2DEG vs. temperature (experiment vs. theory) 117

7.1. Protein sensor: Schematic layout . . . . . . . . . . . . . . . . . . . . . . . 128
7.2. Band edge, electrostatic potential and density for the SOI structure . . . 132
7.3. Electrostatic potential for varying protein charge in the electrolyte . . . . 133
7.4. Surface potential change vs. number of aspartic acids . . . . . . . . . . . . 134
7.5. Surface potential change: Debye-Hückel vs. Poisson–Boltzmann . . . . . . 135
7.6. Electrostatic potential: Debye-Hückel vs. Poisson–Boltzmann . . . . . . . 135
7.7. Surface potential change vs. KCl concentration for GFP . . . . . . . . . . 136

8.1. Gouy–Chapman solution: Potential for different salt concentrations . . . . 140
8.2. Debye screening length as a function of salt concentration . . . . . . . . . 141
8.3. Distribution of Na+ and Cl– ions at a negatively charged interface . . . . 141
8.4. Surface potential vs. surface charge for NaCl at various salt concentrations142
8.5. Capacitance of the electric double layer at various salt concentrations . . 143
8.6. Buffer ion concentrations and ionic strength of PBS as a function of pH . 147
8.7. Static dielectric constant of the electrolyte at a hydrophobic interface . . 149
8.8. Water density profile at hydrophobic and hydrophilic solid–liquid interface 149
8.9. PMFs for Na+ and I– at hydrophobic and hydrophilic interfaces . . . . . . 150
8.10. Ion concentration of 1M and 10mM NaI solution at hydrophobic surface . 152
8.11. Ion concentration of 1M and 10mM NaI solution at hydrophilic surface . 152
8.12. Potential of 1M and 10mM NaI solution at hydrophobic surface . . . . . 153
8.13. PMFs for Na+ and Cl– at hydrophobic and hydrophilic interfaces . . . . . 153

9.1. Band structure of graphene . . . . . . . . . . . . . . . . . . . . . . . . . . 156
9.2. Band structure of graphene: 2D plot . . . . . . . . . . . . . . . . . . . . . 157
9.3. Carrier densities in graphene as a function of position of the Fermi level . 158

202

List of Figures

9.4. Carrier densities in graphene vs. Fermi level (low voltage regime) . . . . . 159
9.5. Quantum capacitance of an ideal graphene layer . . . . . . . . . . . . . . 159
9.6. Quantum capacitance of nonideal graphene with potential fluctuations . . 160
9.7. Intrinsic carrier density in graphene as a function of temperature . . . . . 161
9.8. Operation principle of a graphene solution-gated field-effect transistor . . 162
9.9. Graphene biosensor: Ion density profile . . . . . . . . . . . . . . . . . . . 164
9.10. Electrostatic potential distribution for the graphene–electrolyte interface . 165
9.11. Carrier density and capacitance (theory vs. experiment) . . . . . . . . . . 166
9.12. Capacitance of graphene–electrolyte interface vs. applied gate potential . 168

10.1. Diamond band structure: Luttinger parameters with incorrect curvature . 170
10.2. Energy dispersion along [110] and [100] for different Luttinger parameters 172
10.3. Energy dispersion along [111] and [100] for different Luttinger parameters 172
10.4. Tight-binding vs. 6× 6 k · p . . . . . . . . . . . . . . . . . . . . . . . . . . 173
10.5. 2DHG in diamond: Hole densities for (100), (110) and (111) substrates . . 174
10.6. Eigenstates for (100), (110) and (111) substrate orientations . . . . . . . . 175
10.7. k‖-resolved hole density distribution for (110) oriented diamond . . . . . . 176
10.8. k‖-resolved hole density distribution for (111) oriented diamond . . . . . . 176
10.9. k‖-resolved hole density distribution for (100) oriented diamond . . . . . . 176
10.10.Dispersion of hole energy levels for (100), (110) and (111) diamond . . . 178
10.11.Hydrogen-terminated diamond–electrolyte interface: Charge densities . . 181
10.12.Valence band profile, eigenstates and ion distribution . . . . . . . . . . . 182
10.13.Electrostatic potential and valence band profile . . . . . . . . . . . . . . . 183
10.14.Carrier concentrations for different gate potentials (experiment vs. theory)184
10.15.Capacitance–voltage characteristics . . . . . . . . . . . . . . . . . . . . . 185

A.1. Conduction band profile of a Schottky contact . . . . . . . . . . . . . . . . 189
A.2. Band diagram of a metal-insulator–semiconductor (MIS) structure . . . . 190
A.3. Band diagram of a metal–oxide–semiconductor (MOS) structure . . . . . 191

203



List of Tables

7.1. Ion concentrations for several configurations of the electrolyte . . . . . . . 129
7.2. Protein sensor: Material parameters . . . . . . . . . . . . . . . . . . . . . 137

8.1. Buffer parameters: Phosphate buffer saline (PBS) . . . . . . . . . . . . . . 147

205



List of Publications

1. Hydrophobic interaction and charge accumulation at the diamond/electrolyte in-
terface
M. Dankerl, A. Lippert, S. Birner, E. U. Stützel, M. Stutzmann, J. A. Garrido
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[DT94] D. P. Davé and H. F. Taylor, Thomas-Kuhn sum rule for quantum me-
chanical systems with a spatially varying effective mass, Physics Letters
A 184 (1994), no. 3, 301–304.

[Eiß08] T. Eißfeller, Linear Optical Response of Semiconductor Nanodevices,
Master’s thesis, Walter Schottky Institut and Physics Department, Tech-
nische Universität München, Germany, 2008.

[EO56] H. Ehrenreich and A. W. Overhauser, Scattering of Holes by Phonons in
Germanium, Physical Review 104 (1956), no. 2, 331–342.

[EPL10] E. T. Edmonds, C. I. Pakes, and L. Ley, Self-consistent solution of the
Schrödinger–Poisson equations for hydrogen-terminated diamond, Phys-
ical Review B 81 (2010), no. 8, 085314.

[ESC87] R. Eppenga, M. F. H. Schuurmans, and S. Colak, New k · p theory
for GaAs/Ga1-xAlxAs-type quantum wells, Physical Review B 36 (1987),
no. 3, 1554–1564.

[ET70] L. Esaki and R. Tsu, Superlattice and Negative Differential Conductivity
in Semiconductors, IBM Journal of Research and Development 14 (1970),
no. 1, 61–65.

218

Bibliography

[EV11] T. Eißfeller and P. Vogl, Spurious-solution-free real-space multi-band en-
velope function approach, submitted to Physical Review B (2011).

[FAK+06] S. F. Fischer, G. Apetrii, U. Kunze, D. Schuh, and G. Abstreiter, Tunnel-
coupled one-dimensional electron systems with large subband separations,
Physical Review B 74 (2006), no. 11, 115324.

[FB89] R. Ferreira and G. Bastard, Evaluation of some scattering times for elec-
trons in unbiased and biased single- and multiple-quantum-well struc-
tures, Physical Review B 40 (1989), no. 2, 1074–1086.

[FB03] V. A. Fonoberov and A. A. Balandin, Excitonic properties of strained
wurtzite and zinc-blende GaN/AlxGa1-xN quantum dots, Journal of Ap-
plied Physics 94 (2003), no. 11, 7178–7186.

[FG97] D. K. Ferry and S. M. Goodnick, Transport in Nanostructures, Cam-
bridge University Press, Cambridge, 1997.

[FKXJ07] T. Fang, A. Konar, H. Xing, and D. Jena, Carrier statistics and quantum
capacitance of graphene sheets and ribbons, Applied Physics Letters 91
(2007), no. 9, 092109.

[For93] B. A. Foreman, Effective-mass Hamiltonian and boundary conditions for
the valence bands of semiconductor microstructures, Physical Review B
48 (1993), no. 7, 4964–4967.

[For97] , Elimination of spurious solutions from eight-band k · p theory,
Physical Review B 56 (1997), no. 20, R12748–R12751.
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